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Extensive large strain large deformation finite element analyses are performed to 
investigate the response of elasto-plastic materials obeying power law strain-hardening 
during the loading and unloading process of instrumented indentation with conical and 
pyramidal indenters of different apex angles.  The functional forms of the relationships 
between the characteristics of the load-indentation curve and the material properties 
are examined.  Two simple algorithms are proposed for forward and reverse analyses 
based on a single indenter.  By considering the load-displacement curve of Al6061, it 
is demonstrated that a one-to-one relationship between the elasto-plastic material 
properties and the load-displacement curve does not always exist and the material 
properties obtained from the load-displacement curve of a single indenter is non-
unique.  
 
The curvature of the loading curve, the initial slope of the unloading curve and the 
ratio of the residual depth to maximum indentation depth are three main quantities that 
can be established from an indentation load-displacement curve.  A relationship 
between these three quantities is analytically derived for four indenters with different 
geometries.  The existence of an intrinsic relationship between these three quantities 
implies that only two independent quantities are obtainable from a single load-
displacement curve and these are insufficient to uniquely solve for the three unknown 
material properties.  A reverse analysis algorithm based on load-displacement curves 
obtained from dual indenters is presented.  It is demonstrated that the proposed reverse 
analysis algorithm can uniquely recover the elasto-plastic material properties from the 







Artificial neural network (ANN) and least squares support vector machines (LS-SVM) 
are robust and efficient tools to perform multi-dimensional surface regression.  They 
enable the direct mapping of the characteristics of the load-displacement curves to the 
elasto-plastic material properties.  Direct mapping via ANN and LS-SVM alleviate the 
need to adopt an iterative procedure in the reverse analysis.  The proposed ANN and 
LS-SVM models can predict accurately the material properties when presented with 
new sets of load-indentation curves which are not used in the training and verification 
of the model.  
 
A series of C0 solid, axisymmetric and plane strain/stress finite elements for materials 
with strain gradient effects is established.  The formulation is based on conventional 
mechanism-based strain gradient plasticity (CMSG) theory.  The model is 
implemented in ABAQUS.  These elements are adopted to study the plastic strain 
distribution in a bar subject to uni-axial tension and body force, the indentation size 
effect and the state of stress in the vicinity of the crack tip.  Comparison with other 
analytical solutions and test results, besides showing good agreement also reflects the 
necessity of incorporating the effects of strain gradient plasticity when the material and 
characteristic length scales of non-uniform plastic deformation are of the same order at 
micron level.  Nanoindentation experiments with indentation depths varying from 
400nm to 3400nm are performed on Al7075 and copper.  In the presence of 
indentation size effect, the strength of the material increases with decreasing 
indentation depth.  The proposed C0 solid elements incorporating the CMSG plasticity 
theory is able to simulate this phenomenon rather accurately. 
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CHAPTER 1:  INTRODUCTION 
1.1 Background 
Indentation experiments have been performed for the past century to measure hardness 
of materials.  In recent years, there has been an increased interest in microindentation 
and nanoindentation because of the significant improvement in indentation equipment 
and the pressing need for measuring the mechanical properties of materials on small 
scales.  Modern indentation machines such as one depicted in Figure 1.1 are capable of 
monitoring load (P) and displacement (h) to high precision and accuracy; in the micro-
Newton range for load and in the nanometers range for displacement.  Modern 
indentation machines are also capable of recording the applied load and the 
displacement of the indenter tip into the sample continuously during the loading and 
unloading processes.   
 
Figure 1.2 shows the schematic representation of a typical instrumented indentation 
machine.  The load is applied to the indenter through electromagnetic inductance and 
the displacement of the indenter is measured by the capacitance displacement gage.  
The Berkovich indenter, which is a three-sided pyramidal indenter is the most 
commonly used indenter in instrumented indentation experiments.  Other indenters 
such as Vickers, conical and spherical indenters are occasionally used.  In general, 
instrumented indentation experiments can be broadly classified into microindentation 
and nanoindentation.  The two classifications defers only in the scale at which they are 
carried out.  In microindentation experiments, the displacement of the indenter is in the 
order of tenths of micron while in nanoindentation experiments, the displacement of 
the indenter into the target material is in the order of tenths of nanometers to several 





microns.  Early nanoindentation experiments can be traced to the work of Pethica et al. 
(1983) and Doerner and Nix (1986) in the 1980s. 
 
While the measurable quantity in an indentation test is usually the hardness of the 
materials, the method has the potential for extracting other mechanical properties of 
materials.  In the past few years, the development of methods and algorithms to extract 
other basic mechanical properties, such as Young’s modulus, E, yield strength, Y, and 
strain-hardening exponent, n, from instrumented indentation load-displacement curves 
of elasto-plastic materials obeying power law strain-hardening has been one of the 
main focus of research interest on instrumented indentation.  The constitutive model 
adopted is that of classical plasticity theory with E, Y and n as the governing 
parameters. 
 
Due to the complex and nonlinear nature of the contact problem involved in the 
indentation process, analytical methods are difficult, if not impossible, to derive and 
implement.  Most of the methods proposed in the late 1980s and early 1990s were 
semi-analytical.  With more widespread availability of better computing resources in 
the 1990s, finite element method was almost the exclusive tool used to study the 
process of indentation. 
 
Despite the fact that the extraction of elasto-plastic material properties (E, Y, n) has 
been considered by many researchers over the past two decades, standard methods for 
interpreting the indentation load-displacement curves have yet to be established.  
Furthermore, the fundamental issue of whether the reverse analysis of the indentation 





load-displacement curve results in a unique set of elasto-plastic material properties is 
still a point of contention.  
 
The interpretation of instrumented indentation results is further complicated by 
presence of indentation size effect when the indentation depth is in the order of tenths 
of nanometers up to several microns.  The strength of materials is observed to increase 
significantly with decreasing indentation depths.  Due to the fact that no length scale is 
included in the classical plasticity theory, such size effects cannot be accounted for by 
the classical plasticity theory.  An alternative constitutive model taking into account of 
the material length scale is imperative in this case.  In general, the indentation size 
effect is only significant in nanoindentation experiments.  In microindentation 
experiments, the indentation depths are typically in excess of 10 microns and the effect 
of indentation size effect diminishes.  Therefore, the classical plasticity theory is 
applicable in the analysis of microindentation experiments while an alternative 
constitutive model incorporating the material length scale is required for the analysis 
of nanoindentation experiments. 
 
Notwithstanding the difficulties in interpreting indentation load-displacement curves, 
extraction of elasto-plastic properties solely from the indentation load-displacement 
curves is extremely useful, particularly for material characterization of thin films, 
surfaces of bulk materials and small volume of materials where other tests such as 
uniaxial tension/compression tests are not feasible. 
 





1.2 Literature Review 
As early as 1948, Tabor (1948) had proposed a method to determine the stress-strain 
curve based on the results of spherical indentation experiments.  This method, 
however, cannot be extended to micro and nano indentation due to the difficulties in 
identifying the boundary and the diameter of the residual impression as well as 
subjecting the test specimen to varying degree of known deformation, as required by 
the method. 
 
Following the availability of high resolution instrumented depth-sensing indentation 
instruments in the 1980s, Doerner and Nix (1986) proposed what is probably the first 
method of extracting the Young’s modulus from the load-displacement curve of 
instrumented indentation.  They proposed that the slope of the unloading curve can be 
used as a measure of the elastic properties of the sample.  They modified the solution 
of Sneddon (1965) for the elastic deformation of an isotropic elastic material with a 
flat-ended cylindrical punch to relate the initial gradient of the unloading curve with 
the value of the Young’s modulus.  A fundamental assumption in their method is that 
the area of contact between the indenter and the sample remains constant during initial 
unloading, implying a linear unloading curve.  They justified the linear unloading 
assumption by stating that for metals, linear unloading is observed over most of the 
unloading range.  They further stated that even for silicon where large elastic 
recoveries were observed, linear unloading was observed for at least the first one-third 
of the unloading curve.   
 
Subsequently, Oliver and Pharr (1992) carried out comprehensive studies on the 
indentation load-displacement behaviour of six materials tested with a Berkovich 





indenter.  The materials studied included fused silica, soda-lime glass and single 
crystals of aluminium, tungsten, quartz and sapphire.  From the experiments, they 
showed that the load-displacement curves during unloading in these materials are not 
linear even at the initial stages, contradicting earlier statements by Doerner and Nix 
(1986).  Oliver and Pharr (1992) suggested that the flat punch approximation as 
proposed and adopted by Doerner and Nix (1986) were not entirely adequate.  They 
observed from large amount of experimental data that the unloading data are better 
described by power laws.  By employing a special dynamic scheme by which stiffness 
can be continuously monitored during indentation, they found that unloading contact 
stiffness changes immediately and continuously as the indenter is withdrawn, which 
provided evidence that the contact area is changing continuously during the unloading 
process.  They proposed a new method of analysis, commonly known as Oliver and 
Pharr method, which is widely adopted till today.  The salient features of their method 
are highlighted below. 
1. They assumed that the indenter geometry can be described by an area 
function which relates the cross-sectional area of the indenter to the 
distance from its tip.  The functional form of the area function must be 
established experimentally prior to analysis. 
2. They proposed an approach to more accurately determine the contact area 
at maximum load, taking into account of sink-in effect but not pile-up 
effect.   
3. They proposed to first fit a power-law relationship to the unloading curve 
and then differentiating the power-law equation to obtain the gradient at 
initial unloading. 
 





Giannakopoulos et al. (1994) noted that existing methods for evaluating mechanical 
properties at that time were semi-empirical in nature and needed a more sound 
verification.  However, they also highlighted that analytical treatment of the sharp 
indentation problem seems quite impossible to solve due to large geometric 
nonlinearities, material nonlinearities, complex contact problem at the interface of the 
indenter and the sample and etc.  For these reasons and also due to the availability of 
better computing resources, they proposed to formulate the problem analytically and 
solved numerically using finite element method.  In their study, they considered 
Vickers indentation on three types of materials; elastic materials, elasto-plastic 
materials with no strain-hardening and elasto-plastic materials with strain-hardening.  
They concluded that the numerical results were in good agreement with experimental 
observations.  Based on their numerical results, universal relations between indentation 
load and indentation depth for the loading curve were proposed for elastic and elasto-
plastic materials.  Larsson et al. (1996) performed a similar analysis for Berkovich 
indentation and concluded that Berkovich and Vickers indentation tests are closely 
related.  They suggested that small strain universal formulae for total indentation load 
was also valid for results derived using a large strain formulation provided they are 
scaled by a factor of 1.1.  Giannakopoulous and Larsson (1997) adopted a similar 
numerical approach and performed parametric analysis of Vickers and Berkovich 
indentations using finite element method.  High and low linear isotropic strain-
hardening were considered in their study.   
 
Giannakopoulos and Suresh (1999) discussed the effect of pile-up and sink-in of the 
materials on the interpretation of an indentation load-displacement curve.  They noted 
that as a consequence of pile-up or sink-in, large differences may arise between the 





true contact area and the apparent contact area which is usually observed after 
indentation.  They pointed out that knowledge of the relationship between the 
indentation load and the true projected contact area is essential to extract the 
mechanical properties from instrumented indentation.  They proposed to overcome the 
difficulty by introducing explicit expressions relating the true contact area and the 
depth of penetration of the indenter.  Based on a limited number of numerical data (six 
data points), they proposed a fourth degree polynomial relationship between the 
maximum contact area and maximum indentation depth.  They also suggested that the 
ratio of plastic energy to total energy is equal to the ratio of residual depth to 
maximum depth.   
 
Cheng and Cheng (1999a) proposed several scaling relationships for conical 
indentation of elastic-perfectly plastic solids using dimensional analysis and finite 
element calculations.  These scaling relationships were used to reveal the general 
relationships between hardness, contact area, initial unloading slope and mechanical 
properties of solids.  They showed that the force on the indenter is proportional to the 
square of the indenter displacement and the contact depth is proportional to the 
indenter displacement.  For unloading, they showed that the initial unloading slope is 
proportional to the depth of indentation.  They also studied the effect of variation of 
Poisson’s ratio on the characteristics of the load-displacement curves.  They observed 
that the curvature of the loading curve is slightly influenced by variation of Poisson’s 
ratio.  Cheng and Cheng (1998a) derived using dimensional analysis and finite element 
calculations several scaling relationships for conical indentation in elastic-plastic solids 
with work hardening.  They concluded that the loading curves alone cannot detect the 
effect of work hardening in materials.  They pointed out that the sinking-in and pilling 





up of surface profiles are determined by the ratio of the initial yield stress and Young’s 
modulus as well as degree of work hardening.  Cheng and Cheng (1998b) studied the 
work done during indentation through dimensional analysis and finite element analysis 
for conical indentation in elasto-plastic solids with work hardening.  The ratio of 
plastic work done to total work done during indentation was found to be a function of 
yield stress to Young’s modulus, Poisson’s ratio, work hardening exponent and the 
half-angle of the indenter.  They suggested a method to estimate the hardness and 
Young’ modulus of a material using instrumented indentation with conical or 
pyramidal indenters.  Cheng and Cheng (1999b) observed that the reverse analysis of 
the load-displacement curves based on a conical indenter with half-angle of 68° 
resulted in non-unique material properties.  In their analysis, the value of E is kept 
constant at 200 GPa.  They showed that different combinations of Y and n that give the 
same load-displacement curves can be identified.  They noted that while stress-strain 
relationships may not be uniquely determined from the indentation loading and 
unloading curves obtained using a conical or pyramidal indenter, the hardness and 
elastic modulus can be uniquely obtained from these curves alone.  They also 
presented several sets of almost identical load-displacement curves with different input 
material properties to illustrate the non-uniqueness.   
 
Venkatesh et al. (2000) incorporated the equations proposed by earlier researchers 
(Giannakopoulos et al., 1994; Larsson et al., 1996; Giannakopoulos and Suresh, 1999) 
and presented forward and reverse analysis schemes for instrumented sharp indentation 
using Vickers indenters.  They also argued that based on their proposed method, they 
were able to get three distinct load-displacement curves for the three combinations of 
materials properties which Cheng and Cheng (1999b) demonstrated to give almost 





identical load-displacement curves.  However, it was overlooked that the conical 
indenter considered by Cheng and Cheng (1999b) was 68° while the indenter they used 
in their analysis is Vickers indenter, which has an equivalent conical angle of 70.3°. 
 
Zeng and Chiu (2001) presented an empirical method for analyzing nanoindentation 
load-displacement curves.  This empirical method was proposed based on experimental 
results and finite element calculations published in the literature.  They argued that the 
unloading curve of an elasto-plastic material should lie in between that of a purely 
elastic material and a perfectly plastic material.  Based on that argument, a parameter 
is introduced and a reverse analysis scheme proposed to recover the elasto-plastic 
material properties from a load-displacement curve.  They concluded based on 
empirical observations that Young’s modulus and strain hardening exponent can be 
derived from the unloading curve.  This method was discussed further by Zeng and 
Shen (2002).   
 
Dao et al. (2001) used dimensional analysis and derived seven dimensionless functions 
to characterize instrumented sharp indentation.  76 axisymmetric finite element 
analyses were carried out using ABAQUS to study the response of elasto-plastic 
materials subjected to instrumented indentation with a rigid 70.3° half-angle conical 
indenter.  Four discrete n values of 0.0, 0.1, 0.3 and 0.5 were considered.  Using curve-
fitting techniques, the parameters of the seven dimensionless functions were obtained.  
A representative strain of 0.033 was also proposed for conical indenters with a half-
angle of 70.3°.  Forward and reverse analysis algorithms were proposed.  The forward 
analysis algorithm allows for the prediction of indentation response for a given set of 





elasto-plastic properties while the reverse analysis algorithm enables back calculation 
of elasto-plastic properties for a given set of indentation load-displacement curve.   
 
Martin and Troyon (2002) examined the accuracy of the method proposed by Oliver 
and Pharr (1992).  They raised several concerns regarding the assumptions of Oliver 
and Pharr method.  They pointed out that when pile-up or sink-in of materials occurs 
around the indenter, the Oliver and Pharr method can grossly underestimate the true 
contact area.  They also concluded that while Oliver and Pharr method make use of a 
constant geometric factor in the calculation of contact depth, in actual fact the 
geometric factor is a function of the power law exponent used to fit the unloading 
curve.   
 
Xu and Rowcliffe (2002) proposed a method to determine the plastic properties of bulk 
materials by nanoindentation.  They considered a rigid conical indenter with a half-
angle of 70.3°, which is the axisymmetric equivalent of Berkovich and Vickers 
indenters.  Finite element analyses were carried out using ANSYS software.  They 
observed that the ratio of elastic depth of indentation to maximum depth of indentation 
is a function of the strain hardening exponent and the ratio of yield stress to Young’s 
modulus.  They further observed that pile-up or sink-in behaviour of the materials 
around the indenter is influenced by the strain hardening exponent and the ratio of 
elastic depth of indentation to the maximum depth of indentation.  Based on finite 
element simulations, they proposed a linear relationship between hardness and stress at 
representative strain, normalised with respect to Young’s modulus.  The value of 
representative strain used was 0.10.  Combining that linear relationship with Oliver 





and Pharr method for determining hardness and elastic modulus, they proposed a 
reverse analysis scheme. 
 
Cheng et al. (2002) used dimensional analysis and finite element analysis to propose 
several relationships that relate features of indentation loading and unloading curves to 
hardness, Young’s modulus and the work of indentation for conical indentations with 
various cone angles.  From the finite element results, they proposed three linear 
relationships between the ratio of hardness to Young’s modulus, the ratio of plastic 
work done to total work done and the ratio of residual depth to maximum depth.   They 
proposed that based on these relationships and the analysis of initial unloading slopes, 
the values for hardness and Young’s modulus can be obtained.    
 
Bucaille et al. (2003) extended the approach proposed by Dao et al. (2001) for conical 
indenters with different half-angles (60°, 50°, 42.3°).  They also studied the effect of 
friction between the indenter and the material being tested.  They generalised the 
method proposed by Dao et al. (2001) to improve the accuracy of the analysis by 
combining results from different indenters.  They performed 24 finite element analyses 
for each indenter geometry.  They concluded that friction has no significant influence 
on the normal force for included angles equal or greater than 60°.  For angles lower 
than 60°, they concluded that friction is important and the measurement of the loading 
curvature has to be treated with more care.  Challocoop et al. (2003) performed a set of 
finite element analyses and proposed a similar model incorporating a second indenter 
geometry.  They performed 76 finite element analyses for each indenter.  They 
indicated that while a single load displacement curve is sufficient for estimation of the 





elasto-plastic properties, the use of two complete load-displacement curves would give 
redundant information to improve the accuracy.   
 
Capehard and Cheng (2003) presented a sensitivity analysis for determination of 
constitutive models from conical indentation.  They considered a conical indenter with 
a half-angle of 70.3°.  Global sensitivity was investigated by writing a pre- and post-
processor for ABAQUS in Mathematica.  Mathematica’s optimization function 
(gradient search algorithm) was then employed to identify combinations of material 
properties that would result in almost identical load-displacement curves.  They found 
several sets of material properties that resulted in almost identical load-displacement 
curves.  They concluded that a single indentation with a sharp indenter appears to 
determine a line in the (E, Y, n) parameter space, even when E is known. 
 
Conventional classical plasticity constitutive model is applicable when the 
characteristic length associated with non-uniform plastic deformation is significantly 
larger than the material length scale.  Several experiments have demonstrated that the 
materials display strong size effects when the two length scales are of the same order 
of magnitude at the micron level.  Fleck et al. (1994) reported that the reduction of 
wire diameters from 170 to 12 µm induced a substantial increase in torsional resistance 
but insignificantly in uniaxial tensile strength of the copper wire.  Similar phenomenon 
was reported by Stolken and Evans (1998) in their micro-bend experiments of thin 
metallic wires and foils.  Nix (1989), Ma and Clarke (1995) and McElhaney et al. 
(1998) have also observed the strong size dependence in the indentation tests of single 
and polycrystalline metallic materials when the indentation depth was reduced to 
micron or nano-meter level. 





When the non-uniform plastic deformation wavelength and the material length scales 
are of the same order at the micron level, the states of stress are observed to be a 
function of both strain and strain gradient.  Toupin (1962) and Mindlin (1965) 
presented a theory taking into account the above phenomenon for elastic materials.  
Fleck and Hutchinson (1993) proposed a phenomenological theory of strain gradient 
plasticity to study problems where the effects of strain gradient are significant and 
cannot be ignored.  Gao et al. (1999) and Huang et al. (2000a) in their joint works 
proposed a multi-scale, hierarchical framework to provide a systematic approach for 
constructing the meso-scale constitutive laws taken into consideration the micro-scale 
plasticity based on Taylor work hardening relation.  The proposed theory of 
mechanism-based strain-gradient (MSG) plasticity involved the higher-order stress and 
thus additional governing as well as boundary conditions requiring significantly 
greater formulation and computational efforts.  The theory was applied successfully to 
model the state of stress in the vicinity of the crack tip (Jiang et al., 2001; Qiu et al., 
2003).  Recently, Huang et al. (2004) developed a conventional theory of mechanism-
based strain gradient (CMSG) plasticity obeying Taylor dislocation theory and yet 
preserving the classical continuum plasticity requirements.  The latter can be 
conveniently implemented in any conventional elasto-plastic analyses as high-order 
stress (strain) appears only in the constitutive relation and no further additional 
conditions have to be satisfied.  It was shown that results from the above two 
approaches agree well in most part of the whole domain except in a thin layer just next 
to the boundary (Huang et al., 2003).  
 





1.3 Objectives and Scope of Study  
The main objective of this study is to develop methods to enable the extraction of 
elasto-plastic materials properties based on the indentation load-displacement curves.  
Extensive 2-D and 3-D large deformation finite element analyses are carried out to 
investigate the response of elasto-plastic materials obeying power law strain-hardening 
during instrumented indentation.  Two conical indenters and two three-sided pyramidal 
indenters are considered in the study.  Elasto-plastic material properties encompassing 
a domain of E/Y from 10 to 1000 and n varying from 0.0 to 0.6 are considered in this 
study.   The functional form of the relationships between the elasto-plastic material 
properties and the characteristics of the indentation load-displacement curves are 
derived.   
 
The feasibility of any reverse analysis methodology hinges on the existence of one-to-
one relationships between the characteristics of the indentation load-displacement 
curve and the elasto-plastic material properties.  However, despite the fact that the 
extraction of elasto-plastic material properties has been considered by many 
researchers over the past two decades, the fundamental issue of whether the reverse 
analysis of an indentation load-displacement curve results in a unique set of material 
properties is still a point of contention.  This study aims to thoroughly investigate and 
address the uniqueness of reverse analysis based on single and multiple indenters. 
 
Due to the absence of material length scale in the classical plasticity theory, 
indentation size effects cannot be accounted for by the classical plasticity theory.  An 
alternative constitutive model taking into account the material length scale is 
imperative in the simulations of nanoindentation experiments.  In this study, the 





CMSG plasticity theory is implemented in ABAQUS, a finite element package, via 
user subroutines to investigate the indentation size effect.  A series of C0 solid, 
axisymmetric, plane stress and plane strain finite elements are formulated for the 
implementation of the CMSG plasticity theory in ABAQUS. 
 
Lastly, this study aims to study the indentation size effect on metallic materials such as 
Al7075 and copper.  Nanoindentation experiments with indentation loads varying from 
10mN to 300mN are carried out on these materials.  Finite element analyses 
incorporating CMSG plasticity theory are adopted to simulate the indentation size 
effect numerically. 
 
1.4 Organisation of Report 
The finite element models are presented in Chapter 2.  The boundary conditions, 
contact interface, far-field effects and convergences studies of the 2-D and 3-D finite 
element models are discussed in various subsections in Chapter 2. 
 
Chapter 3 describes the fundamental aspects of the indentation load-displacement 
curves.  The main characteristics of the indentation load-displacement curves are 
identified.  The relationships between these characteristics and the elasto-plastic 
material properties are derived.  Forward and reverse analysis algorithms based on a 
single indenter are proposed in the final subsection of Chapter 3. 
 
Chapter 4 addresses the uniqueness of results obtained from the reverse analysis based 
on a single indenter.  The results from the reverse analysis based on a single indenter 
are numerically and analytically shown to be non-unique. 






In Chapter 5, reverse analysis algorithms based on dual indenters are presented.  An 
artificial neural network model and a least squares support vector machine model are 
proposed to facilitate the identification of the elasto-plastic material properties based 
on the load-displacement curves of two different indenters. 
 
Chapter 6 describes the finite element analysis incorporating the conventional 
mechanism-based strain gradient plasticity model which can account for the size effect 
due to the intrinsic material length scale.  C0 solid elements, axisymmetric elements 
and plane stress/strain elements are presented.   
 
In Chapter 7, various aspects of the nanoindentation experiments are discussed.  
Comparison between the experimental data and numerical results based on the 
conventional mechanism-based strain gradient plasticity model are presented. 
 
Finally, the conclusions and recommendations for future research are presented in 
Chapter 8.  











Figure 1.2: Schematic representation of an instrumented indentation machine 
 





CHAPTER 2: FINITE ELEMENT ANALYSIS 
2.1 Overview 
Owing to large geometric and material nonlinearities coupled with complex contact 
problem at the interface between the diamond indenter and the target material, closed 
form analytical solutions to solve for the response of the target material during the 
indentation process are not presently available.  Finite element analysis is particularly 
useful as a numerical tool to simulate the indentation process.  Since late 1990s, 2-D 
axisymmetric finite element analysis has been carried out by researchers to investigate 
various aspects of the indentation experiment.  
 
In the present study, large-strain large-deformation nonlinear finite element analyses 
are performed using ABAQUS, a commercial finite element package, to simulate 
indentation experiments using four indenters with different geometries.  Two conical 
indenters and two three-sided pyramidal indenters are considered in this study.  Due to 
the cyclic symmetry of the conical indenters, a 2-D axisymmetric model which is 
computationally much less demanding is sufficient to model indentations using conical 
indenters.  3-D finite element models are employed to study indentations using three-
sided pyramidal indenters.  In an indentation experiment, diamonds indenters are 
typically used.  Due to the extremely high stiffness of diamond (1100 GPa), the 
diamond indenter is modelled as a rigid body in the finite element models.  The 
elasticity effect of the indenter is indirectly considered in the model by replacing the 
actual Young’s modulus, E, of the target materials with a reduced Young’s modulus, 
E*, expressed in Eq (1.1) [Giannakopoulos et al., 1999; Zeng and Chiu, 2001; Dao et 





al., 2001; Fischer-Cripps (2001), Martin and Troyon, 2002; Pharr and Bolshakov, 
2002; Chollacoop et al., 2003]. 
 
   (1.1) 
 
In Eq.(1), Ei and νi are the Young’s modulus and Poisson’s ratio of the indenter 
respectively.   
 
In this study, a wide range of material properties with E*/Y varying from 10 to 1000 
and n from 0.0 to 0.6 are considered.  For each indenter, the convergence of the mesh 
and the insensitivity to far-field effects are studied for the following combinations of 
material properties; E*/Y=10 n=0.0, E*/Y=10 n=0.6, E*/Y=1000 n=0.0 and E*/Y=1000 
n=0.6. 
 
2.2 Conical Indenters 
Two conical indenters with half-angles of 60.0° and 70.3° respectively are modeled as 
rigid bodies in the axisymmetrical finite element models.  For ease of reference, 
conical indenters with half-angles of 60.0° and 70.3° are designated C-600 and C-703 
respectively.  A typical finite element model for indentation using a conical indenter is 
depicted in Figure 2.1.  The conical indenter is modeled as an analytical rigid part in 
the axisymmetric finite element model.  Since a rigid part can only undergo rigid body 
motions, it is sufficient to monitor the displacement of one point to represent the 
movement of the entire rigid indenter.  The apex of the cone which is denoted as “RP” 
in Figure 2.1 is chosen as the reference point.  As opposed to a discrete rigid part in 

















not be meshed.  The target material is modeled as a deformable body in the finite 
element model. 
 
2.2.1  Boundary Conditions 
Due to the axisymmetric condition, Edge AB as depicted in Figure 2.1 is restrained in 
Direction 1 along the axis of radial symmetry.  Edge BC is constrained in Direction 2.  
The reference point RP representing the rigid conical indenter is constrained to move 
only vertically. 
 
2.2.2  Contact Interface 
In the finite element model, a contact interface is created to model the contact 
interactions between the indenter and the top face (Face AD in Figure 2.1) of the target 
material.  ABAQUS defines the contact conditions between two bodies using a strict 
“master-slave” algorithm in which the nodes of the slave surface are not allowed to 
penetrate into the master surface.  In a contact pair involving a rigid surface and a 
deformable surface, the rigid surface must be assigned as the master surface while the 
slave surface must be attached to the deformable surface.  In this case, Face AE of the 
indenter illustrated in Figure 2.1 is assigned as the master surface while Face AD is 
assigned as the slave surface.  At the contact interface, ABAQUS automatically 
generates a set of internal contact elements to facilitate the implementation of the 
contact algorithm.   
 
The interaction between contacting bodies is defined by assigning a contact property 
model to the contact pair.  For mechanical contact such as those in the present analysis, 





the contact property model consists of the normal component and the tangential 
component.  The default “hard” contact option in ABAQUS is used for the normal 
component.  The “hard” contact option involves the classical Lagrange multiplier 
method of constraint enforcement and no penetration of the slave nodes into the master 
surface is allowed.  As the effect of friction is negligible for indenters with half-angle 
larger than 60.0° (Bucaille et al., 2003), frictionless contact is assumed in the present 
finite element analysis. 
 
2.2.3  Far-Field Effects 
In an indentation experiment, the target material is essentially a semi-infinite half-
space due to the dimension of the target material being much greater than the 
dimension of the indenter and the indentation depth.  In the finite element model, while 
it is unnecessary and inefficient to model the exact dimension of the target material 
used in the indentation experiments, it is essential that the dimension of the target 
material be sufficiently large to simulate the semi-infinite nature of the actual target 
material.  The finite element model constructed to represent the target material must be 
insensitive to far-field effects.  The sensitivity to far-field effect is dependent on the 
maximum indentation depth and the geometry of the indenter.  For a larger indentation 
depth, the size of the domain representing the target material has to be increased 
accordingly to simulate the semi-infinite nature of the target material.  Similarly, an 
indenter with a larger projected contact area at a particular indentation depth will 
require larger domain size of the target material to simulate semi-infinite boundary 
conditions.  The maximum indentation depth is limited to 5 micron in the present 
study.  Since the C-703 indenter exhibits a larger projected contact area at a particular 





depth as compared to the C-600 indenter, it is sufficient to study the sensitivity to far-
field effects for the C-703 indenter.   
 
The sensitivity to far-field effects is investigated by considering three different domain 
sizes of 150 micron x 150 micron, 200 micron x 200 micron and 250 micron x 250 
micron for the target material.  From Figure 2.2, it can be observed that the domain 
size adopted in this study is sufficiently large to simulate semi-infinite boundary 
conditions and the results are insensitive to far-field effects.  A domain size of 200 
micron x 200 micron is adopted for subsequent finite element analyses.     
 
2.2.4 Finite Element Mesh and Convergence Studies 
The finite element mesh for the target material covering a 200 micron x 200 micron 
area consists of 28,900 CAX4 bilinear axisymmetric quadrilateral elements.  A finer 
mesh is used near the contact region where high stress concentration is expected and 
the element size is gradually increased further away from this region.  At maximum 
indentation depth of 5 micron, there are at least 50 elements at the contact interface.  
The convergence of the finite element mesh used in the analyses is verified through 
convergence studies and the results are depicted in Figures 2.3 and 2.4 for C-600 and 
C-703 indenters respectively.  Three sets of finite element mesh with 14400, 28900 
and 57600 elements respectively are considered in this convergence study.  It can be 
observed that mesh refinement does not cause significant changes to the simulated 
load-displacement curves, indicating that mesh convergence has been achieved. 





2.3 Three-Sided Pyramidal Indenters 
Schematic drawings of a three-sided pyramidal indenter are depicted in Figure 2.5.  
The area bounded by BDE is an equilateral triangle.  Two pyramidal indenters 
differing in the total angle (θ + β) are considered in this study.  For ease of reference, 
the two pyramidal indenters are designated B-123 and B-142 respectively.  The 
characteristics of these pyramidal indenters are detailed in Table 2.1.  The B-142 
indenter is commonly known as Berkovich indenter and is widely used in micro and 
nano indentation experiments. 
Table 2.1: Characteristics of pyramidal indenters 
 Angle θ Angle β Total Angle 
B-123 53.4° 69.6° 123.0° 
B-142 65.3° 77.0° 142.3° 
 
Owing to the three-fold symmetry of a three sided pyramidal indenter as illustrated in 
Figure 2.6, only one-sixth of the domain has to be considered.  The shaded portion of 
the indenter depicted in Figure 2.6 is included in the finite element model.   The three 
sided pyramidal indenter is idealized as a rigid body in the finite element model while 
the target material is modeled as a deformable body.  Since the three sided pyramidal 
indenter is modeled as a rigid body, only surface ACD of Figure 2.6 need to be 
included in the finite element model.  In ABAQUS, a rigid part can be modeled as 
analytical rigid or a discrete rigid.  An analytical rigid part is computationally less 
expensive as compared to a discrete rigid part as the former need not be meshed while 
the latter has to be meshed with rigid elements.  However, the shape of an analytical 
rigid part must not be arbitrary and the profile must be smooth.  A 3D analytical rigid 
part must be formed by either revolving or extruding a 2D sketch to form a 3D rigid 





shell.  Since surface ACD (Figure 2.6) is triangular in shape, preliminary observation 
pointed to the need to model the indenter as a discrete rigid part which is 
computationally more expensive.  However, since only one-sixth of both the indenter 
and the target material is included in the finite element model owing to three-fold 
symmetry, triangular surface ACD can be replaced by a rectangular surface generated 
through extrusion from a line in the 2D sketch and hence the contact face of the 
indenter can be modeled using an analytical rigid part which is computationally more 
efficient.  A typical finite element model for indentation using a three sided pyramidal 
indenter is depicted in Figure 2.7.  The apex of the pyramidal indenter is chosen as the 
reference point representing the rigid indenter and is denoted as “RP” in Figure 2.7.   
 
2.3.1  Boundary Conditions 
Owing to the symmetrical conditions about lines CE and DF in Figure 2.6, planes 
AHKJ and AILJ in Figure 2.7 are constrained from moving in the direction normal to 
each of the planes.  Plane JKL at the base of the target material as depicted in Figure 
2.7 is constrained from moving vertically.  The reference point RP representing the 
rigid pyramidal indenter is constrained to move only vertically. 
 
2.3.2  Contact Interface 
In the finite element model, a contact interface is created to model the contact 
interactions between the indenter (Surface ACDG in Figure 2.7) and the top face 
(Surface AHI in Figure 2.7) of the target material.  ABAQUS defines the contact 
conditions between two bodies using a strict “master-slave” algorithm in which the 
nodes of the slave surface are not allowed to penetrate into the master surface.  In this 





case, Surface ACDG of the indenter as illustrated in Figure 2.7 is assigned as the 
master surface while Surface AHI the slave surface.  At the contact interface, 
ABAQUS automatically generates a set of internal contact elements to facilitate the 
implementation of the contact algorithm.  Certain second-order elements without 
midface node such as serendipity elements can cause problems in contact simulations 
due to the distribution of equivalent nodal forces when a pressure acts on the face of 
the element (ABAQUS, 2002).  A contact pressure applied to the face of a second-
order element without a midface node produces forces at the corner nodes acting in the 
opposite sense of the pressure and this can cause the contact algorithm to fail.  In order 
to prevent this situation, ABAQUS automatically converts three-dimensional second-
order elements without midface node (serendipity elements) that lie on the contact 
surface into elements with a midface node. 
 
The interaction between contacting bodies is defined by assigning a contact property 
model to the contact pair which consists of the normal component and the tangential 
component.  The default “hard” contact option in ABAQUS is used for the normal 
component.  Frictionless contact is assumed in the present finite element analysis 
(Bucaille et al., 2003).  
 
2.3.3  Far-Field Effects 
Comprehensive discussions on the far-field effects in finite element modeling of 
indentation experiments have been presented in Section 2.2.3.  The maximum 
indentation depth of the three-sided pyramidal indenters is similarly set at 5 micron in 
the present study.  The sensitivity to far-field effects is investigated by considering 
three different domain sizes for each of the indenters as detailed in Table 2.2.  





Dimensions AH, HI and AJ are with references to Figure 2.7 and the values in bold 
indicate the domain sizes adopted for subsequent analyses. 
 
Table 2.2: Different domain sizes for B-123 and B-142 indenters 





B-123-S 74.00 128.17 100.00 
B-123-M 86.60 150.00 150.00 B-123 
B-123-L 115.47 200.00 150.00 
B-142-S 80.83 140.00 105.00 
B-142-M 115.47 200.00 150.00 B-142 
B-142-L 173.21 300.00 225.00 
 
From Figures 2.8 and 2.9, it can be observed that all three domain sizes for B-123 and 
B-142 indenters result in almost identical load-displacement curves, indicating that all 
the domains considered in the analyses are sufficiently large to simulate semi-infinite 
boundary conditions and the results insensitive to far-field effects.   
 
2.3.4 Finite Element Mesh and Convergence Studies 
Finite element mesh for B-123 and B-142 indenters consist of 2496 and 2856 C3D20 
20-node brick elements respectively.  A finer mesh is used near the contact region 
where high stress concentration is expected and the element size is gradually increased 
further away from this region.  The convergence of the finite element mesh used in the 
analyses is verified through convergence studies and the results are depicted in Figures 
2.10 and 2.11 for B-123 and B-142 indenters respectively.  It can be observed that 
mesh refinement does not cause significant changes to the simulated load-displacement 
curves, indicating that mesh used in the study is sufficiently refined.  In the case of 





E*/Y=1000 and n=0.0 for which the material behaves almost like a rigid perfectly 
plastic material, the finite element results are observed to exhibit small oscillations.  
However, the amplitudes of the oscillations are rather small and not expected to 
influence the results significantly. 
 
2.4 Comparison between Finite Element Results and Experimental 
Data 
Dao et al. (2001) carried out microindentation experiment and uniaxial compression 
test on Al6061, an aluminium alloy.  The Berkovich indenter (designated B-142 in the 
present study) was used in the indentation experiments.  Based on the experimental 
results of uniaxial compression test, Dao et al. (2001) noted that the true stress-true 
strain response is well described by power law relationships with E*=70.2 GPa, Y=284 
MPa and n=0.08.  These material properties are used as inputs to the 3-D finite 
element model and the numerical results are depicted in Figure 2.12 together with the 
experimental results reported by Dao et al. (2001).  It can be observed that the finite 
element results agree rather well with the experimental results. 
 







Figure 2.1: Schematic drawing of a typical finite element model for indentation using a 
conical indenter 




























Figure 2.2: Indentation load-displacement curves of various domain sizes.  
Comparison between 150 micron x 150 micron, 200 micron x 200 micron and 250 x 
250 micron. (a) E*/Y=10 n=0.0, (b) E*/Y=10 n=0.6, (c) E*/Y=1000 n=0.0 and (d) 
E*/Y=1000 n=0.6 





















Figure 2.3: h-Convergence study for C-600 indenter (a) E*/Y=10 n=0.0, (b) E*/Y=10 
n=0.6, (c) E*/Y=1000 n=0.0 and (d) E*/Y=1000 n=0.6 





















Figure 2.4: h-Convergence study for C-703 indenter (a) E*/Y=10 n=0.0, (b) E*/Y=10 
n=0.6, (c) E*/Y=1000 n=0.0 and (d) E*/Y=1000 n=0.6 






Figure 2.5: Schematic drawings of three-sided pyramidal indenters. (a) Three 




Figure 2.6: Schematic drawings showing three axes of symmetry of three-sided 
pyramidal indenters. (a) Top view, (b) Three dimensional view.  Owing to the 





















































































Figure 2.7: Schematic drawings of a typical finite element model for indentation using 
three-sided pyramidal indenters. (a) 3D view (Shaded), (b) 3D view (Wireframe), (c) 
Top view, (d) Side view.  Owing to the symmetry, only the one-sixth of the indenter is 

















































































Figure 2.8: Indentation load-displacement curves of various domain sizes using B-123 

























































































Figure 2.9: Indentation load-displacement curves of various domain sizes using B-142 



































Figure 2.10: h-Convergence study for B-123 indenter (a) E*/Y=10 n=0.0, (b) E*/Y=10 
n=0.6, (c) E*/Y=1000 n=0.0 and (d) E*/Y=1000 n=0.6 































Figure 2.11: h-Convergence study for B-142 indenter (a) E*/Y=10 n=0.0, (b) E*/Y=10 













Figure 2.12: Comparison between finite element results and experimental data for 









CHAPTER 3:   FUNDAMENTAL ASPECTS OF LOAD-
DISPLACEMENT CURVES 
3.1 Overview 
In order to develop a reverse analysis algorithm to determine the elasto-plastic material 
properties based on the indentation load-displacement curves, it is imperative to first 
identify the main characteristics of the indentation load-displacement curves and the 
relationships between these characteristics and the material properties.  The three main 
characteristics of the indentation load-displacement curve are the curvature of the 
loading curve (C), the gradient at initial unloading from maximum load 
(
maxh
(dP/dh)S = ) and the ratio of indentation work done to total work done (WR/WT).  
The functional forms of the relationships between these characteristics of the 
indentation load-displacement curve and the elasto-plastic material properties (E*, Y, n) 
are examined and derived.  Extensive large deformation finite element analyses are 
carried out to investigate the response of elasto-plastic materials obeying power law 
strain-hardening during instrumented indentation.   
 
3.2 Material Model 
Materials obeying power law strain-hardening are considered in this study.  For such 




Y σ Eσ ≤= for     ε
Y σ    Rεσ n ≥= for





In Eq.(3.1), E is the Young’s modulus, Y is the yield stress, R is the strength coefficient 
and n is the strain-hardening exponent. 
 





The elasticity effect of the indenter is considered in the analysis by replacing the actual 
Young’s modulus, E of the targeted materials by a reduced Young’s modulus, E* 
expressed in Eq.(1.1). 
 
3.3  Indentation Load-Displacement Curves 
A typical load-displacement curve in an indentation experiment is shown in Figure 3.1.  
It is generally believed that the curvature of the loading curve (C), the gradient at 
initial unloading from maximum load (S) and the ratio of indentation work done to 
total work done (WR/WT) are three independent quantities which can be obtained from 
a single load-displacement curve (Giannakopoulos and Suresh, 1999; Dao et al., 2001; 
Chollacoop et al., 2003).  Based on this premise, the relationships between these three 
quantities and the material properties of elasto-plastic materials (E*, Y, n) are 
examined.  The intention of this study is to rationally establish the form of the 













3.3.1 Loading Curve 
The loading part of an instrumented sharp indentation generally follows Kick’s Law 
which can be expressed as  
 
(3.3) 
P is the indentation load, h is the penetration depth measured from the original 
undeformed surface and C is a constant curvature. 
 
The projected contact area for indenters with linear relationships between penetration 
depth and contact radius (conical and pyramidal) can be expressed as  
  
 (3.4) 
where k is a constant for a particular material and an indenter geometry. 
 




Eq.(3.5) implies that the average contact pressure remains constant throughout the 
loading process.  Based on the model derived by Luk et al. (1991), the pressure 
required to expand a cavity from zero radius to a finite radius in an elasto-plastic 
materials with power law strain-hardening remains constant.  This is consistent with 
the analogy proposed by Marsh (1964) that the mode of deformation of an indentation 
process is similar to that of a cavity expansion by internal pressure in an elasto-plastic 
material.  Johnson (1970) replaced the cavity with a “hydrostatic core” in his model.  
As pointed out by Marsh (1964), the main implication of the cavity expansion analogy 
2ChP =











is that the form of the governing equation for the average contact pressure and hence 
the curvature, C of the loading curve should be similar to the expression describing the 
cavity pressure in the expansion of spherical cavities from zero initial radii to a finite 
radii in an elasto-plastic material with power law strain-hardening. 
 
With reference to the relationships derived by Luk et al. (1991), 
   
(3.6) 
 
Combining Eqs.(3.5) and (3.6), the form of the relationship between C and the three 




Eq.(3.7) is consistent with the dimensionless function derived by Cheng and Cheng 
(1998b).  The form of Eq. (3.7) implies that the value of the curvature of the loading 
curve normalized with respect to the yield stress can be reduced to a function of the 
ratio E*/Y and n instead of E*, Y and n independently.  The validity of Eq.(3.7) is 
extensively verified through finite element analyses for each of the indenters 
considered in this study, the results of which are presented in Tables 3.1-3.4 for C-600, 
C-703, B-123 and B-142 indenters respectively.  It is apparent that while C is different 
for various combinations of E* and Y, the ratio C/Y remains constant provided that the 


















Table 3.1: Characteristics of load-displacement curves for 15 different material 






E *  n C (Nm-2) 
Y








1.0 100.0 10.0 0.10 1.09E+09 10.9 1.56E+04 3.12 0.414
2.0 200.0 10.0 0.10 2.18E+09 10.9 3.12E+04 3.12 0.414
3.0 300.0 10.0 0.10 3.27E+09 10.9 4.68E+04 3.12 0.414
4.0 400.0 10.0 0.10 4.36E+09 10.9 6.25E+04 3.12 0.414
5.0 500.0 10.0 0.10 5.45E+09 10.9 7.81E+04 3.12 0.414
26.3 100.0 263.1 0.05 3.93E+09 39.3 6.71E+05 5.10 0.952
72.4 275.0 263.1 0.05 1.08E+10 39.3 1.85E+06 5.10 0.952
118.4 450.0 263.1 0.05 1.77E+10 39.3 3.02E+06 5.10 0.952
210.5 800.0 263.1 0.05 3.14E+10 39.3 5.37E+06 5.10 0.952
263.1 1000.0 263.1 0.05 3.93E+10 39.3 6.71E+06 5.10 0.952
100.0 100.0 1000.0 0.60 3.17E+10 317.2 1.76E+06 3.52 0.853
200.0 200.0 1000.0 0.60 6.34E+10 317.2 3.52E+06 3.52 0.853
300.0 300.0 1000.0 0.60 9.52E+10 317.2 5.28E+06 3.52 0.853
400.0 400.0 1000.0 0.60 1.27E+11 317.2 7.03E+06 3.52 0.853
500.0 500.0 1000.0 0.60 1.59E+11 317.2 8.79E+06 3.52 0.853
Note: Values in bold correspond to properties of Al6061. 
 
Table 3.2: Characteristics of load-displacement curves for 15 different material 






E *  n C (Nm-2) 
Y








1.0 100.0 10.0 0.10 1.99E+09 19.9 2.31E+04 4.62 0.242
2.0 200.0 10.0 0.10 3.98E+09 19.9 4.62E+04 4.62 0.242
3.0 300.0 10.0 0.10 5.97E+09 19.9 6.93E+04 4.62 0.242
4.0 400.0 10.0 0.10 7.97E+09 19.9 9.25E+04 4.62 0.242
5.0 500.0 10.0 0.10 9.96E+09 19.9 1.16E+05 4.62 0.242
26.3 100.0 263.1 0.05 9.89E+09 98.9 1.05E+06 7.96 0.921
72.4 275.0 263.1 0.05 2.72E+10 98.9 2.88E+06 7.96 0.921
118.4 450.0 263.1 0.05 4.45E+10 98.9 4.72E+06 7.96 0.921
210.5 800.0 263.1 0.05 7.91E+10 98.9 8.38E+06 7.96 0.921
263.1 1000.0 263.1 0.05 9.89E+10 98.9 1.05E+07 7.96 0.921
100.0 100.0 1000.0 0.60 6.04E+10 604.4 2.82E+06 5.64 0.822
200.0 200.0 1000.0 0.60 1.21E+11 604.4 5.64E+06 5.64 0.822
300.0 300.0 1000.0 0.60 1.81E+11 604.4 8.46E+06 5.64 0.822
400.0 400.0 1000.0 0.60 2.42E+11 604.4 1.13E+07 5.64 0.822
500.0 500.0 1000.0 0.60 3.02E+11 604.4 1.41E+07 5.64 0.822
Note: Values in bold correspond to properties of Al6061. 
 





Table 3.3: Characteristics of load-displacement curves for 15 different material 






E *  n C (Nm-2) 
Y








1.0 100.0 10.0 0.10 1.15E+09 11.5 1.75E+04 3.50 0.430
2.0 200.0 10.0 0.10 2.31E+09 11.5 3.50E+04 3.50 0.430
3.0 300.0 10.0 0.10 3.46E+09 11.5 5.25E+04 3.50 0.430
4.0 400.0 10.0 0.10 4.62E+09 11.5 7.00E+04 3.50 0.430
5.0 500.0 10.0 0.10 5.77E+09 11.5 8.76E+04 3.50 0.430
26.3 100.0 263.1 0.05 3.62E+09 36.2 6.40E+05 4.86 0.960
72.4 275.0 263.1 0.05 9.96E+09 36.2 1.76E+06 4.86 0.960
118.4 450.0 263.1 0.05 1.63E+10 36.2 2.88E+06 4.86 0.961
210.5 800.0 263.1 0.05 2.90E+10 36.2 5.12E+06 4.87 0.960
263.1 1000.0 263.1 0.05 3.62E+10 36.2 6.40E+06 4.86 0.960
100.0 100.0 1000.0 0.60 3.31E+10 331.0 1.94E+06 3.88 0.855
200.0 200.0 1000.0 0.60 6.62E+10 331.0 3.88E+06 3.88 0.855
300.0 300.0 1000.0 0.60 9.93E+10 331.0 5.82E+06 3.88 0.855
400.0 400.0 1000.0 0.60 1.32E+11 331.0 7.77E+06 3.88 0.855
500.0 500.0 1000.0 0.60 1.65E+11 331.0 9.71E+06 3.88 0.855
Note: Values in bold correspond to properties of Al6061. 
 
Table 3.4: Characteristics of load-displacement curves for 15 different material 






E *  n C (Nm-2) 
Y








1.0 100.0 10.0 0.10 2.11E+09 21.1 2.62E+04 5.24 0.262
2.0 200.0 10.0 0.10 4.23E+09 21.1 5.24E+04 5.24 0.262
3.0 300.0 10.0 0.10 6.34E+09 21.1 7.86E+04 5.24 0.262
4.0 400.0 10.0 0.10 8.45E+09 21.1 1.05E+05 5.24 0.262
5.0 500.0 10.0 0.10 1.06E+10 21.1 1.31E+05 5.24 0.262
26.3 100.0 263.1 0.05 9.29E+09 92.9 1.00E+06 7.62 0.925
72.4 275.0 263.1 0.05 2.56E+10 92.9 2.76E+06 7.62 0.925
118.4 450.0 263.1 0.05 4.18E+10 92.9 4.51E+06 7.62 0.925
210.5 800.0 263.1 0.05 7.43E+10 92.9 8.02E+06 7.62 0.925
263.1 1000.0 263.1 0.05 9.29E+10 92.9 1.00E+07 7.62 0.925
100.0 100.0 1000.0 0.60 6.30E+10 629.8 3.05E+06 6.10 0.822
200.0 200.0 1000.0 0.60 1.26E+11 629.8 6.10E+06 6.10 0.822
300.0 300.0 1000.0 0.60 1.89E+11 629.8 9.14E+06 6.10 0.822
400.0 400.0 1000.0 0.60 2.52E+11 629.8 1.22E+07 6.10 0.822
500.0 500.0 1000.0 0.60 3.15E+11 629.8 1.52E+07 6.10 0.822
Note: Values in bold correspond to properties of Al6061. 
 





3.3.2 Unloading Curve 
The gradient at initial unloading curve is generally used to derive the Young’s 
modulus of the materials by the following equation, 
   (3.8) 
 
In Eq.(3.8), A is the true contact area at the maximum load and Ω is a constant, the 
value of which depends on the geometry of the indenter. 
  
Eq.(3.8) forms the basis of Oliver and Pharr (1992) method which has been widely 
adopted to determine the values of Young’s modulus.  However, when pile-up or sink-
in of materials occurs around the indenter, the error of using Oliver and Pharr (1992) 
method to estimate the Young’s modulus of the material increased significantly 
(Martin and Troyon, 2002).  The main difficulty in accurately determining the Young’ 
Modulus using Eq.(3.8) lies on the fact that the true contact area cannot be easily and 
accurately measured during the indentation process.  However, Xu and Rowcliffe 
(2002) concluded that pile-up and sink-in behaviour of a material under indentation is 
controlled by strain hardening exponent n and the ratio he/hmax.  They also 
demonstrated that the ratio he/hmax can be related to the elastic-plastic properties Y/E 
and n.  Denoting the ideal contact area assuming no pile-up or sink-in occurred by Ao, 
the following relationship to calculate the true contact area from the ideal contact area 
when the materials properties are known can be deduced.   




















where ω is a constant depending on the geometry of the indenter. 
 
Substituting Eqs.(3.9) and (3.10) into Eq.(3.8) and rearranging the terms in the 




The validity of Eq.(3.11) is verified numerically and the results are tabulated in Tables 
3.1-3.4 for C-600, C-703, B-123 and B-142 indenters respectively.  While the quantity 
S varies over a wide range at a particular E*/Y and n, the expression S/(E*hmax) remains 
constant for a particular E*/Y and n regardless of the actual values of E* and Y.  No 
assumption has been made on the form of the relationship describing the unloading 
curve and the gradient at the initial part of the unloading can be determined 
independently regardless of the actual governing relationship. 
 
3.3.3 Relationship between Indentation Work and Total Work Done 




In Eq.(3.12), WT is the area under the loading curve, WU is the area under the unloading 

























Denoting (WT – WU) by WR, Eq.(3.12) is expressed in the following form for a 
particular value of Poisson’s ratio and half-angle of the indenter. 
   
(3.13) 
 
Tables 3.1-3.4 demonstrate that WR/WT is constant at a particular combination of E*/Y 
and n regardless of the actual values of E* and Y, thus verifying Eq.(3.13) for each of 
the indenters.   
 
According to Cheng and Cheng (1999b), Loubet et al. (1984) was the first to suggest a 
linear relationship between hr/hmax and WR/WT, where hr is the residual depth and hmax 
is the maximum indentation depth, obtained from experimental observations.  Based 
on finite element analyses, Cheng and Cheng (1999b) noted that hr/hmax and WR/WT are 
indeed strongly related and display an approximately linear dependence between the 
two for hr/hmax >0.4.  Subsequently, Dao et al. (2001) proposed a non-linear equation 
relating the two quantities.  Based on the 510 finite element analyses for C-703 
indenter, the quantities hr/hmax and WR/WT are displayed in Figure 3.2 for C-703 
indenter.  The equations proposed by Dao et al. (2001) and Cheng et al. (2002) are also 
included in the Figure 3.2 for comparison purpose.  They exhibit strong linear 
dependency for WR/WT > 0.5, which corresponds to E*/Y ≥ 60 and 0.0 ≤ n ≤ 0.6.  Most 
engineering metals and alloys fall in this range of materials properties.  Similar trends 
are observed for C-600, B-123 and B-142 indenters.  The linear equations describing 
the relationships between hr/hmax and WR/WT for each of the indenters as well as the 
















Table 3.5:  Relationships between hr/hmax and WR/WT for B-123, B-142, C-600 and C-
703 indenters 
 
Indenter Relationships between hr/hmax and WR/WT Range of Validity 
B-123 
 
     (3.14a)  40 ≤ E*/Y ≤ 1000 
0.0 ≤ n ≤ 0.6 
B-142 
 
  (3.14b)  40 ≤ E
*/Y ≤ 1000 
0.0 ≤ n ≤ 0.6 
C-600 
 
  (3.14c)  40 ≤ E
*/Y ≤ 1000 
0.0 ≤ n ≤ 0.6 
C-703 
 
  (3.14d)  60 ≤ E
*/Y ≤ 1000 
0.0 ≤ n ≤ 0.6 
 
Since a one-to-one relationship exists between hr/hmax and WR/WT, the determination of 
either quantity would lead to the other.  However, as WR/WT is determined based on all 
the data points on the load-displacement curve while hr/hmax is determined from a 
single point on the load-displacement curve, it is expected that the error in adopting 
WR/WT as the basic parameter will be significantly less than that of hr/hmax.   
 
 
The equation relating hr/hmax and WR/WT determined computationally by Dao et al. 
(2001) as shown in Figure 3.2 is based on a Poisson’s ratio of 0.3.  Despite the fact that 
the value of Poisson’s ratio considered in the present study is 0.33, the equation 
determined by Dao et al. (2001) agrees well with the data points from the present study 
for WR/WT >0.50. 
 
3.3.4 Surfaces Describing Functions f1, f2 and f3 
Owing to large geometric and material nonlinearities coupled with complex contact 










































form analytical solutions for functions f1, f2 and f3 are not available.  An alternative 
approach to circumvent the problem is to numerically approximate the surfaces defined 
by functions f1, f2 and f3 for each of the four indenters considered in this study.  The 
data for construction of these surfaces were obtained numerically through 510 large 
strain, large deformation finite element analyses encompassing a domain of E*/Y from 
10 to 1000 and n varying from 0.0 to 0.6 for each of the indenters.  A constant 
Poisson’s ratio of 0.33 is used throughout this study.  Variations of C/Y, S/(E*hmax) and 
WR/WT with respect to E*/Y and n are best illustrated by the surfaces described by 
functions f1(E*/Y, n), f2(E*/Y, n) and f3(E*/Y, n).  The surfaces described by functions 
f1, f2 and f3 are depicted in Figures 3.3 to 3.14 for C-600, C-703, B-123 and B142 
indenters with each small circle representing a numerical data point.  The functions fit 
all 510 data points within a ±1.0% error.   
 
3.4 Forward and Reverse Analysis Algorithms 
3.4.1 Forward Analysis Scheme 
The forward analysis scheme enables the prediction of the load-displacement response 
of a material when the elasto-plastic properties (E*, Y, n) are provided as input.  With 
the availability of the surfaces describing functions f1, f2 and f3, the forward analysis 
scheme is straightforward.  By substituting the elasto-plastic properties (E*, Y, n) and 
the maximum indentation depth into Eqs.(3.7), (3.11) and (3.13), the curvature of the 
loading curve (C), the gradient at initial unloading from maximum load (S) and the 
ratio of indentation work done to total work done (WR/WT) can be determined. 
 





3.4.2 Reverse Analysis Scheme 
The reverse analysis scheme enables the determination of the elasto-plastic properties 













From a single set of indentation curve, the quantities C, S, WR/WT and hmax can be 
determined, and hence the quantities on the left hand side of Eqs.(3.13) and (3.16) are 
known.  The problem can be solved by searching for combination of E*/Y and n that 
satisfy both Eqs.(3.13) and (3.16) simultaneously.  Once a set of E*/Y and n is found, Y 
can be evaluated by substituting C, E*/Y and n into Eq.(3.7).  Consequently, E* can be 
evaluated from the ratio of E*/Y established earlier or by substituting S, hmax, E*/Y and 
n into Eq.(3.11).  The actual Young’s modulus E can then be obtained from Eq.(1.1).  
The reverse analysis algorithm is summarized in the flowchart shown in Figure 3.15. 
 
The reverse analysis scheme as presented in this study is a general scheme which could 
result in more than one sets of material properties (E*, Y, n).  This feature of the 




































analysis schemes.  The implementation of the proposed forward and reverse analysis 
algorithms are presented in Swaddiwudhipong et al. (2005e) and Tho et al. (2005) and 
will be demonstrated in the next section when the issue of uniqueness of reverse 
analysis is considered.   







Figure 3.1: Schematic representation of a typical load-displacement curve 
 
 




































Figure 3.3: Surface described by )(f
*
1 ,nY
E  for C-600 indenter 
 
Figure 3.4: Surface described by )(f
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2 ,nY






















































































Figure 3.5: Surface described by )(f
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3 ,nY




Figure 3.6: Surface described by )(f
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1 ,nY



























































































Figure 3.7: Surface described by )(f
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2 ,nY




Figure 3.8: Surface described by )(f
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3 ,nY











































































































Figure 3.9: Surface described by )(f
*
1 ,nY
E  for B-123 indenter 
 
Figure 3.10: Surface described by )(f
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2 ,nY































































































Figure 3.11: Surface described by )(f
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3 ,nY




Figure 3.12: Surface described by )(f
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1 ,nY
























































































Figure 3.13: Surface described by )(f
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2 ,nY




Figure 3.14: Surface described by )(f
*
3 ,nY














































































































W  and hmax from the 
experimental indentation curve 






W into Eq.(3.13) 
Solve Eqs(3.16) and (3.13) simultaneously 
for 
Y
E *  and n 
Obtain Y by substituting C, 
Y
E *  and n into 
Eq.(3.7) 
Determine E* either  
 
(i) from ratio of 
Y
E * or 
(ii) substituting S, hmax, Y
E *  and n into 
Eq.(3.11) 
Evaluate E by substituting E* and ν into 
Eq.(1.1)





CHAPTER 4: UNIQUENESS OF REVERSE ANALYSIS 
BASED ON SINGLE INDENTER 
4.1 Overview 
It is generally believed that the curvature of the loading curve (C), the gradient at 
initial unloading (S) and the ratio of residual depth to maximum indentation depth 
(hr/hmax) are three independent quantities that can be directly obtained from an 
indentation load displacement curve (Giannakopoulos and Suresh, 1999; Dao et al., 
2001; Chollacoop et al., 2003). The assumption on the independence of these three 
fundamental quantities implies uniqueness of reverse analysis results due to the 
existence of three independent relationships to solve for three unknown elasto-plastic 
material properties.   
 
In the present study, the assumption of independence between the three quantities is 
critically examined both numerically and analytically.  A simple relationship between 
C, S and hr/hmax is analytically derived.  Large deformation finite element analyses are 
carried out to verify the proposed relationship between the three quantities.  This study 
demonstrates that non-uniqueness of the reverse analysis based on a single conical 
indenter can be attributed to the existence of a relationship between C, S and hr/hmax. 
 
4.2  Reverse Analysis Based on Single Indenter 
In order to address the issue of uniqueness, we first consider an example on the 
implementation of the reverse analysis scheme detailed in Section 3.4.2 for the case of 
C-703 indenter.  The input parameters to the reverse analysis scheme are C 





(1.859x1010 Nm-2), S (1.145x106 Nm-1), WR/WT (0.8683) and hmax (5.0x10-6 m).  









The solution to the reverse analysis problem can be obtained by solving Eqs.(4.1) and 
(4.2) simultaneously for values of E*/Y and n.  Graphically, the solution is represented 
by points of intersection between Eqs.(4.1) and (4.2). As functions f1, f2 and f3 have 
been established earlier, the graphical representation of Eqs. (4.1) and (4.2) can be 
determined and both are shown together in Figure 4.1.  Interestingly, the two curves 
corresponding to Eqs.(4.1) and (4.2) are almost identical, implying that any set of E*/Y 
and n that satisfy Eq.(4.1) automatically satisfy Eq.(4.2) and vice-versa.  Since there 
are virtually infinite combinations of E*/Y and n that satisfy both Eqs.(4.1) and (4.2) 
simultaneously, the reverse analysis scheme based on a single indenter produces non-
unique solutions.   
 
The non-uniqueness of the results from the reverse analysis scheme is verified through 
the following exercise.  Firstly, different combinations of E*, Y and n that results in the 
same load-displacement curve are predicted using the proposed reverse analysis 
algorithm and tabulated in Table 4.1.  Large deformation finite element analyses are 






















quantities C, S and WR/WT are also computed for each set of finite element results and 
the values tabulated in Table 4.2 
 
Table 4.1: Typical combinations of material properties resulting in similar indentation 
curves 
 
E* (GPa) 31.88 33.07 34.09 36.19 36.42 
Y (MPa) 199.82 165.27 136.02 80.39 73.07 
Y
E *  159.53 200.08 250.60 450.20 498.47 
n 0.10 0.18 0.25 0.39 0.41 
 
 
















31.88 199.82 159.53 0.10 1.8569E+10 1.1451E+06 8.6833E-01
33.07 165.27 200.08 0.18 1.8631E+10 1.1489E+06 8.6750E-01
34.09 136.02 250.60 0.25 1.8614E+10 1.1444E+06 8.6827E-01
36.19 80.39 450.20 0.39 1.8597E+10 1.1532E+06 8.6803E-01
36.42 73.07 498.47 0.41 1.8590E+10 1.1431E+06 8.6851E-01
Maximum Value 1.8631E+10 1.1532E+06 8.6851E-01
Minimum Value 1.8569E+10 1.1431E+06 8.6750E-01
Maximum Percentage 
Difference (%) 0.3339 0.8859 0.1167 
 
From Table 4.2, it can be observed that the maximum difference between quantities C, 
S and WR/WT for the five different combinations of material properties are less than 
0.9%.  Therefore, the extraction of material properties from the load-displacement 
curve of one single indenter may not be feasible due to the fact that the acceptable 
tolerance in instrumented indentation experiments is usually in excess of 1%.   
 
 
The non-uniqueness of the results from the reverse analysis algorithm is studied further 
by examining the work of Capehard and Cheng (2003).  Based on the gradient search 





algorithm, Capehard and Cheng (2003) identified three combinations of E*, Y and n of 
(192.57 GPa, 2.34 GPa, 0.0), (200 GPa, 2.0 GPa, 0.1) and (212.9 GPa, 1.245 GPa, 0.3) 
which result in almost identical load-displacement curves.   
 
The forward analysis scheme derived in this study is used to predict the quantities C, 
S/hmax and WR/WT which represent the characteristics of the load displacement curves 
for the three different combinations of material properties derived by Capehard and 
Cheng (2003).  The results of the forward analysis are tabulated in Table 4.3.  It can be 
observed that the maximum difference of the three quantities are less than 1.2%, 
thereby confirming the conclusion by Capehard and Cheng (2003) that these three 
combinations of material properties will result in almost identical load-displacement 
curves.  The Poisson’s ratio considered by Capehard and Cheng (2003) is 0.30 while in 
the present analysis the value of 0.33 is adopted. 
 
Table 4.3: Prediction of forward analysis algorithm based on material combinations 
derived by Capehard and Cheng (2003) 
 







(192.57 GPa, 2.340 GPa, 0.0) 1.5709E+11 1.3663E+12 8.1239E-01 
(200.00 GPa, 2.000 GPa, 0.1) 1.5727E+11 1.3560E+12 8.1183E-01 
(212.90 GPa, 1.245 GPa, 0.3) 1.5574E+11 1.3505E+12 8.1286E-01 
Maximum Value 1.5727E+11 1.3663E+12 8.1286E-01 
Minimum Value 1.5574E+11 1.3505E+12 8.1183E-01 
Percentage Difference (%) 0.982 1.173 0.126 
 
Lastly, the forward and backward analyses will be carried out for Al6061, which is a 
common engineering material, and the uniqueness issues will be further examined.  
According to Kalpakjian and Schmid (2003) and MatWeb (2004), the material 
properties of Al6061 are E* (72.36 GPa), Y (275 MPa) and n (0.05).  These values are 
consistent with those presented by Luk et al. (1991) and Dao et al. (2001).  The 





forward analysis yields the following results; C = 2.7129E+10 N/m2, S/hmax = 
5.7512E+11 N/m2 and WR/WT = 9.2204E-01. 
 
Reverse analysis is then carried out using the results of the forward analysis as inputs.  
Using the same procedure illustrated in the earlier part, the graphical representation of 
Eqs. (3.13) and (3.16) are shown in Figure 4.2.  It can be observed that the curves 
representing Eqs.(3.13) and (3.16) are close to each other, overlapping each other in 
many regions.  Seven sets of material properties that satisfy both Eqs.(3.13) and (3.16) 
are identified and the location of these seven sets of material properties in the E*/Y and 
n domain as well as their elasto-plastic properties are indicated in Figure 4.2.  Finite 
element analyses are carried out using the seven sets of material properties as input 
parameters and the results are displayed in Figure 4.3.   
 
There are several important issues worth noting here.  Firstly, one of the load-
displacement curves shown in Figure 4.3 is that of Al6061, which is a common 
engineering material.  Secondly, the variation in material properties of the seven rather 
randomly selected combinations are not trivial; E* varies from 71.1 GPa to 86.1 GPa, Y 
varies from 86.1 to 296.2 MPa and n varies from 0.020 to 0.367.  Thirdly, the resulting 
load-displacement curves from these seven combinations are practically identical.  If 
these sets of curves were experimental results, these curves would possibly have been 
concluded to belong to the same material.  Hence, regardless of the reverse analysis 
algorithm employed, it is practically impossible to uniquely recover E*, Y and n from 
the load-displacement curve of a single indenter.  This is due to the fact that the 
relationship between the elasto-plastic material properties (E*, Y and n) and the 
resulting load-displacement curve is not one-to-one.   





The fact that seven materials with E* varying from 71.1 GPa to 86.1 GPa, Y varying 
from 86.1 to 296.2 MPa and n varying from 0.020 to 0.367 results in practically 
identical load-displacement curve as depicted in Figure 4.3 further indicates that the 
widely used Oliver and Pharr method gives only approximate values of the reduced 
elastic modulus.  If the Oliver and Pharr method were to be applied to extract the 
reduced modulus, only a single value can be obtained as the seven load-displacement 
curves are practically identical while in actual fact E* varies over 20% from 71.1 GPa 
to 86.1 GPa.  Nevertheless, given the ease of implementation of the Oliver and Pharr 
method, the method is very useful to obtain an estimate of the elastic modulus of the 
material. 
 
While the above discussion is based on the results for C-703 conical indenter, the 
observations are found to be equally valid for the other three indenters considered in 
the present study.  By adopting the same procedure detailed above, five sets of material 
properties that results in identical indentation load-displacement curves are identified 
for each of the C-600, B-123 and B-142 indenters.  The finite element results 
incorporating these combinations of material properties as inputs are depicted in 
Figures 4.4, 4.5 and 4.6 for C-600, B-123 and B-142 indenters respectively.  It can be 
observed that in each case, the indentation load-displacement curves are practically 
identical for the five sets of material properties and thus confirming the non-
uniqueness of the reverse analysis based on a single indenter. 
 
Having established that reverse analysis based on the load-displacement curve of a 
single indenter results in non-unique solutions, the next issue to be considered is 
whether prior knowledge of E* would results in a unique solution.  In the earlier part of 





this section, it was demonstrated that at least seven different sets of material properties 
result in practically identical load-displacement curves as shown in Figure 4.2.  
However, the value of E* at each point on the line is different and appears to be 
monotonically increasing at increasing E*/Y and n.  Hence, if the value of E* is known 
a priori, then a unique solution could be obtained from the reverse analysis scheme of a 
single indenter. 
 
While the information derived from the load-displacement curve of a single indenter is 
inadequate for unique recovery of the three elasto-plastic material properties, it is 
sufficient to define a line of possible solutions in the E*/Y and n domain.  Hence, if the 
information derived from the load-displacement curves of multiple different indenters 
are combined, it is possible to uniquely recover the three elasto-plastic material 
properties.  The methodology illustrated in Section 3.4.2 serves as a framework for 
reverse analysis based on multiple indenters which yield unique solution and this is 
further elaborated in Chapter 5.   
 
4.3 Proof on Non-Uniqueness 
4.3.1 Analytical Derivation 
For conical and pyramidal indenters, the loading curve generally follows Kick’s Law 
(Zeng and Chiu, 2001) which can be expressed as 
P = Ch2                                  (4.3) 
while the unloading curve generally follows a power law relationship given in Eq.(4.4) 
(Oliver and Pharr, 1992). 
P = a(h-hr)b                                 (4.4) 





Enforcing continuity at maximum indentation depth, hmax,  requires that 
(4.5) 
 
The slope of the unloading curve at hmax is obtained through differentiation of Eq.(4.4) 








The expressions for WT and WU are obtained through the integration of Eq.(4.3) from 










Eq.(4.10) divided by Eq.(4.8) and applying Eq.(4.5) provide the expression for the 
ratio of indentation work done to total work done expressed as  
b




































































Many researchers (Loubet et al., 1984; Dao et al., 2001; Cheng et al., 2002; Tho et al., 
2005) observed a one-to-one relationship between WR/WT and hr/hmax based on both 
experimental and numerical studies.  Through extensive finite element analyses and 
considering conical indenters of different geometries and various combinations of 
material properties, Cheng et al. (2002) noted a single one-to-one relationship between 
WR/WT and hr/hmax.  They observed that the relationship is approximately linear for 
hr/hmax > 0.4 and can be described by Eq.(4.12). 
(4.12) 
 
In the present study, extensive large-strain, large-deformation finite element analyses 
of 510 combinations of elasto-plastic material properties for each of the four indenters 
are carried out and a single one-to-one relationship between WR/WT and hr/hmax for 
each indenter is also observed as detailed in Table 3.5 in Section 3.3.3.   
 
Equating Eq.(4.11) to Eqs. (3.14a), (3.14b), (3.14c) and (3.14d) yield b = 1.24,1.27, 
1.22 and 1.27 for B-123, B-142, C-600 and C-703 indenters respectively.  By 
substituting these values of b into Eq.(4.7), the following relationships can be obtained. 
 






























































 for C-703 indenter             (4.13d) 
 
 
The fact that b is a constant indicates that there is indeed an intrinsic relationship 
between C, S and hr/hmax.  From Eqs.(3.14) and (4.13), it is apparent that there is also 
an intrinsic relationship between C, S and WR/WT.  The above derivation also indicates 
that the power term in Eq.(4.4) is a constant term with values ranging from 1.22 to 
1.27 for the four indenters considered in this study.  In an instrumented indentation 
experiment, it is very difficult if not impossible to accurately determine the value of 
the residual indentation depth, hr as the last 10 percent of the unloading curve is very 
sensitive and error prone.  Instead of adopting the measured value of hr, it is a common 
practice to carry out complicated nonlinear curve fitting to determine the values a, b 
and hr in order to represent the unloading curve by a power-law relationship defined by 
Eq. (4.4).  However, if these values of b proposed in the present study are used in the 
power law fitting of experimental unloading curve, only the value of a and hr have to 






















































derivations will be verified against numerical results from finite element analyses in 
the following section. 
4.3.2 Computational Verification 
Finite element analysis were carried out on 66 combinations of elasto-plastic material 
properties with the ratio of E*/Y ranging from 60 to 1000 and n from 0.1 to 0.6 for each 
of the two conical indenters (C-600 and C-703).  The values of a and b for each of the 
load-displacement curves are computed and shown in Figures (4.7) and (4.8) 
respectively.  It can be observed from Figure 4.7 that the value of a increased 
systematically from close to 0 for low E*/Y to more than 10 for high E*/Y.  However, 
Figure 4.8 shows that the values of b do not follow any definite trend across the 
domain of 60 ≤ E*/Y ≤ 1000 and 0.0 ≤ n ≤ 0.6.  Furthermore, the values of b are 
bounded between 1.20 and 1.40 and a high concentration of data points can be found in 
the vicinity of b=1.27.  The left hand side of Eq.(4.7) were also computed and found to 
vary less than 3 percent from the right hand side of Eq.(4.7) for all the 132 data points 
considered. 
 
The material properties of Al6061 are E* (72.36 GPa), Y (275 MPa) and n (0.05) 
(Kalpakjian and Schmid, 2003; MatWeb, 2004).  Finite element analyses were carried 
out using these material properties as input parameters.  By adopting the values of 
b=1.22 and b=1.27 for C-600 and C-703 indenters respectively in the power law fitting 
of numerical unloading curve, a linear curve fitting procedure will suffice to determine 
the values of a and hr.  The original unloading curve and the unloading curve described 
by the power-law equations adopting the values of b specified above are depicted in 
Figures 4.9 and 4.10 for C-600 and C-703 indenters respectively.  It can be observed 





that the original curves and the curves defined by Eq. (4.4) with the proposed b values 
are almost identical. 
4.3.3 Effect of hr on Sensitivity of Parameters a and b 
The sensitivity of parameters a and b due to the variation of hr is studied through the 
perturbations of the value of hr and calculating the corresponding values of a and b 
through linear curve fitting.  It can be observed from Table 4.4 that a small 
perturbation of 0.1 percent of hr induces substantial variations on the values of a and b, 
indicating the high sensitivity of parameters a and b due to hr.  The high sensitivity of 
parameters a and b due to hr explains the scatter of data points in Figure 4.8.   
 
Table 4.4: Sensitivity of parameters a and b due to variation of hr 
 
60.0° cone 70.3° cone hr (micron) a b R2 a b R2 
Original Value 2.522 1.324 0.999 3.349 1.321 1.000 
Original Value + 0.1 
percent 1.370 1.037 0.976 2.682 1.177 0.994 
Original Value - 0.1 percent 3.841 1.544 0.997 3.912 1.434 0.999 
 
4.3.4 Discussion on Uniqueness 
The fact that b is a constant value for each indenter indicates that there is indeed an 
intrinsic relationship between C, S and hr/hmax.  Hence, regardless of the material being 
tested and the geometry of the conical indenter used, knowing two of the three 
quantities will lead to the third quantity.  This implies that only two independent 
quantities can be obtained from the indentation load-displacement curve of a single 
conical indenter.  Therefore, unique recovery of the three elasto-plastic material 
properties from the load-displacement curve of a single conical indenter is not possible 
due to the existence of only two independent relationships to solve for three unknown 





material properties.  The demonstration in Section 4.2 that several combinations of 
elasto-plastic material properties results in identical indentation load-displacement 
curves coupled with the derivation of an intrinsic relationship between C, S and hr/hmax 
in Section 4.3.1 lead to a definite conclusion that the reverse analysis based on a single 
indenter results in non-unique combinations of elasto-plastic material properties.  
These observations have been presented in Tho et al. (2004b) and are subsequently 
independently verified further by Alkorta et al. (2005). 
 
While the reverse analysis based on a single indenter yields non-unique material 
properties, sufficient independent quantities can be obtained from the load-
displacement curves of two different indenters to solve for the three unknown material 
properties and hence a unique set of solution can be expected.  This observation forms 
the basis of reverse analysis based on dual indenters discussed in the next chapter. 







Figure 4.1: Graphical representation of Eqs. (4.1) and (4.2) 
 
 



































E*=71.1 GPa, Y=296.2 MPa , n=0.020
E*=72.4 GPa, Y=275.0 MPa , 
n=0.050  (Al6061) 
E*=76.7 GPa, Y=213.0 MPa, n=0.144
E*=80.2 GPa, Y=160.3 MPa, n=0.230 
E*=83.4 GPa, Y=119.1 MPa, n=0.302
E*=84.8 GPa, Y=98.7 MPa, n=0.342
E*=86.1 GPa, Y=86.1 MPa, n=0.367 
ti n 3.13 
ti n 3.16 







Figure 4.3: Load-displacement curves for C-703 indenter for seven combinations of 
elasto-plastic material properties 
 
Figure 4.4: Load-displacement curves for C-600 indenter for five combinations of 

















E*=71.1 GPa, Y=296.2 MPa , n=0.020
E*=72.4 GPa, Y=276.0 MPa , n=0.050
E*=76.7 GPa, Y=213.0 MPa, n=0.144
E*=80.2 GPa, Y=160.3 MPa, n=0.230
E*=83.4 GPa, Y=119.1 MPa, n=0.302
E*=84.8 GPa, Y=98.7 MPa, n=0.342
E*=86.1 GPa, Y=86.1 MPa, n=0.367







Figure 4.5: Load-displacement curves for B-123 indenter for five combinations of 




Figure 4.6: Load-displacement curves for B-142 indenter for five combinations of 















E*=72.4 GPa, Y=275 MPa, n=0.050
E*=73.3 GPa, Y=244 MPa, n=0.086
E*=78.4 GPa, Y=157 MPa, n=0.202
E*=81.9 GPa, Y=117 MPa, n=0.265
E*=83.2 GPa, Y=92.5 MPa, n=0.311







Figure 4.7: Variation of a in the domain of 60 ≤ E*/Y ≤ 1000 and 0.0 ≤ n ≤ 0.6 
 
Figure 4.8: Variation of b in the domain of 60 ≤ E*/Y ≤ 1000 and 0.0 ≤ n ≤ 0.6 
 
 
Figure 4.9: Comparison between original unloading curve and the curve defined by Eq. 











































Figure 4.10: Comparison between original unloading curve and the curve defined by 
Eq. (4.4) for C-703 indenter 
 





CHAPTER 5: REVERSE ANALYSIS BASED ON DUAL 
INDENTERS 
5.1 Overview 
Contrary to the general belief that the curvature of the loading curve (C), the gradient 
at initial part of the unloading curve (S) and the ratio of the indentation work done to 
total work done (WR/WT) are three independent quantities which can be obtained from 
a single load-displacement curve (Giannakopoulos and Suresh, 1999; Dao et al., 2001; 
Chollacoop et al., 2003), it has been demonstrated in Chapter 4 that these three 
quantities are not independent and the reverse analysis process based on a single 
indenter is non-unique.  It is apparent from Eq. (4.13) that knowing the values of two 
of the three quantities leads to the value of the third quantity.  Hence, from the load-
displacement curve of a single indenter, there exist only two independent relationships 
to solve for the three unknowns.   
 
The non-uniqueness of the results obtained from reverse analysis of a single indenter 
could potentially be overcome by combining the information drawn from the 
indentation load-displacement curves of two different indenters.  It is demonstrated 
that unique recovery of the elasto-plastic material properties is possible if the load-
displacement curves of at least two different indenters are used in the analysis. 
 
5.2 Generalized Dimensionless Functions 
Eqs. (3.7) and (3.13) derived in Chapter 3 can be generalized for different indenters in 
the form of Eqs. (5.1) and (5.2) respectively. 








  (5.2) 
 
where θ denotes the type of the indenter considered. 
5.3 Reverse Analysis Algorithms 
The reverse analysis scheme enables the determination of the elasto-plastic properties 
(E*, Y, n) from indentation load-displacement curves of dual indenters.  In this section, 
reverse analysis based on C-600 and C-703 indenters are presented.  The proposed 
methods are similarly and equally applicable for reverse analysis based on other 
combinations of indenters such as those based on B-123 and B-142 indenters. 
 



























































































From the indentation load-displacement curves of both indenters, the quantities C60.0°, 
C70.3°, (WR/WT)60.0° and (WR/WT)70.3° can be determined.  The problem can be solved by 
first searching for a combination of E*/Y and n that satisfy Eqs.(5.5), (5.6) and (5.7) 
simultaneously.  Once a set of E*/Y and n is found, Y can be evaluated by substituting 
C, E*/Y and n into Eq.(5.3) or (5.4).  Consequently, E* can be evaluated from the ratio 
of E*/Y established earlier.  The actual Young’s modulus E can then be obtained from 
Eq.(1.1).  The reverse analysis algorithm is summarized in the flowchart shown in 
Figure 5.1.  The implementation of the forward and reverse analysis algorithms and the 
uniqueness of reverse analysis will be demonstrated in the next section. 
 
5.4 Uniqueness of Results from Reverse Analysis 
The material properties of Al6061 are E* (72.36 GPa), Y (275 MPa) and n (0.05) 
(Kalpakjian and Schmid, 2003; MatWeb, 2004).  Finite element analyses were carried 
out using these material properties as input parameters and the resulting load-
displacement curves are depicted in Figure 5.2.  
 
The finite element results and the forward analysis predictions for Al6061 are 
tabulated in Table 5.1.  It can be observed that the forward analysis algorithm can 
accurately predict the quantities C60.0°, C70.3°, (WR/WT) 60.0° and (WR/WT) 70.3° of the 
numerical indentation load-displacement curves shown in Figure 5.6 despite the fact 
that finite element results of Al6061 were not used in the computation of functions 



























Table 5.1: Forward analysis on Al6061 
 
 C60.0°(Nm-2) C70.3°(Nm-2) (WR/WT) 60.0° (WR/WT) 70.3° 
Finite Element Analysis 1.074E+10 2.720E+10 0.9521 0.9214 
Forward Analysis 
Predictions 1.071E+10 2.713E+10 0.9521 0.9220 
 
Reverse analysis is then carried out using the finite element results shown in Table 5.1 
as inputs.  Substituting the values of C60.0°, C70.3°, (WR/WT) 60.0° and (WR/WT) 70.3° into 











The solution to the reverse analysis problem can be obtained by solving Eqs.(5.8) to 
(5.10) simultaneously for the values of E*/Y and n.  Graphically, the solution is 
represented by the point of intersection of these equations.  As functions f1,60.0(E*/Y, n), 
f1,70.3(E*/Y, n), f2,60.0(E*/Y, n) and f2,70.3(E*/Y, n) have been numerically established 
earlier in Section 3.3.4, the graphical representations of Eqs.(5.8) to (5.10) are shown 
in Figure 5.3.  It can be observed from Figure 5.7 that Eqs.(5.8) to (5.10) intersect each 
other at practically a point across the domain, implying that there is only one 
admissible solution.  Hence, contrary to the non uniqueness of the reverse analysis 
algorithm based on a single indenter, the procedure involving results from dual 




























indenters produces a unique set of solutions.  Physically, the uniqueness of the solution 
based on dual indenters can be explained by the fact that combinations of material 
properties that result in identical load-displacement curve for one indenter will provide 
different load-displacement curves for dual indenters.  In Section 4.2, six other 
combinations of material properties that give the same load-displacement response as 
Al6061 for a conical indenter with a half-angle of 70.3° have been identified.  Forward 
analyses for both indenters are carried out using the seven sets of material properties as 
inputs and the calculated loading curvature are shown in Table 5.2.  It is apparent that 
all the seven combinations of material properties result in virtually the same value of 
loading curvature for the indenter with a half-angle of 70.3°.  However, the values of 
loading curvature for the indenter with a half-angle of 60.0° vary significantly. 
 
Table 5.2: Forward analyses results for different combination of material properties 
 
Material Properties 60.0° half-angle cone 
70.3° half-
angle cone 
E* (GPa) Y (MPa) n C (GPa) C (GPa) 
71.1 296.2 0.020 10.55 27.15 
72.4 275.0 0.050 10.71 27.13 
76.7 213.0 0.144 11.36 27.14 
80.2 160.3 0.230 11.89 27.13 
83.4 119.1 0.302 12.27 27.09 
84.8 98.7 0.342 12.50 27.14 
86.1 86.1 0.367 12.63 27.11 
Maximum Percentage Difference 19.72 0.22 
Minimum Percentage Difference 1.04 0.00 
 
 
Additional finite element analyses were carried out to simulate indentation 
experiments on Al7075, steel, iron and zinc.  The typical elasto-plastic material 
properties (Bucaille et al., 2003) of these materials are used as inputs to the finite 
element model.  The ratio of E*/Y for these materials vary from 33 to 570 while the 





values of n range from 0.05 to 0.25.  The finite element results are summarised in 
Table 5.3.   
 
Table 5.3:  Summary of finite element results for Al7075, steel, iron and zinc 
 
Conical indenter with half-angle 
of 60.0 degree  
Conical indenter with half-angle 
of 70.3 degree  Material 
C60.0° (GPa) C70.3° (GPa) (WR/WT)60.0° (WR/WT)70.3° 
Al7075 20.362 46.555 0.903 0.853 
Steel 23.907 59.272 0.960 0.937 
Iron 24.598 55.513 0.949 0.925 
Zinc 6.556 13.574 0.729 0.621 
 
 
The solution procedure described in Section 5.3 is then applied using the finite element 
results depicted in Tables 5.1 and 5.3 as inputs. The material properties predicted by 
the proposed reverse analysis algorithm are shown in Table 5.4 together with the 
original material properties.  It can be observed that the proposed reverse analysis 
algorithm predicts the elasto-plastic material properties reasonably accurately.   
 
Table 5.4: Summary of reverse analysis results 
 
 Al6061 Al7075 Steel Iron Zinc 
E* (GPa)      
Original 72.4 73.4 194.3 170.8 10.0 
Predicted 72.0 73.3 196.3 171.0 9.6 
Deviation (%) -0.5 -0.2 1.1 0.2 -3.8 
E (GPa)      
Original 69.0 70.1 210.0 180.0 9.0 
Predicted 68.6 69.9 212.7 180.3 8.7 
Deviation (%) -0.6 -0.2 1.3 0.2 -3.8 
Y (MPa)      
Original 275.0 500.0 500.0 300.0 300.0 
Predicted 276.9 505.8 488.2 293.7 306.8 
Deviation (%) 0.7 1.2 -2.4 -2.1 2.3 
n      





Original 0.050 0.122 0.100 0.250 0.050 
Predicted 0.049 0.118 0.107 0.255 0.000 
Deviation 0.001 0.004 -0.007 -0.005 0.050 
 
Qualitative estimates of the sensitivity of the results from the reverse analysis with 
respect to variations of (WR/WT)60.0°  and (WR/WT)70.3°  can be obtained from careful 
inspection of Figures (3.5) and (3.8).  The regions with steeper gradients will exhibit 
weaker sensitivity to variations of (WR/WT)60.0°  and (WR/WT)70.3°.  Therefore, the 
sensitivity of the predicted material properties due to variations of the input parameters 
is essentially an intrinsic characteristic of the problem.  A plausible approach to reduce 
the sensitivity of the predicted material properties to perturbations in input parameters 
would be to introduce a higher degree of redundancy by incorporating the results of 
more indenters.  The reverse analysis algorithm illustrated in Section 5.3 can be easily 
extended for this purpose.  Improved accuracy can be expected when more than two 
indenters are adopted.  Further details on the proposed reverse analysis algorithm have 
been presented in Swaddiwudhipong et al. (2005f). 
5.5 Artificial Neural Network Model 
5.5.1 Overview 
Large geometric and material nonlinearities as well as complex contact problem at the 
indentation interface render closed form solutions difficult if not impossible to 
formulate.  At present, the most practical approach to the interpretation of the 
indentation load-displacement curve is a semi-analytical approach, whereby the forms 
of the governing relationships between the characteristics of the load-displacement 
curve and the elasto-plastic material properties are derived analytically and the 
underlying relationships calibrated numerically.  The accuracy of such an approach is 





highly dependent on the precision of the curve or surface fitting procedure as well as 
the robustness of reverse analysis algorithm.  A common practice is to express the 
characteristics of the indentation load-displacement curve as some functions of the 
elasto-plastic material properties and either the inverse or the point of intersection of 
several functions is established.  Due to the complexity of the functions, a trial-and-
error procedure as demonstrated in Section 5.4 is normally necessary. 
 
Artificial neural network (ANN) models have been successfully constructed to solve 
many engineering problems.  Artificial neural networks are universal approximators 
which have been mathematically proven to be able to approximate any continuous 
nonlinear function arbitrarily well over a compact interval to any degree of accuracy as 
long as they contain at least one hidden layer (Suykens et al., 2002).   
 
In the present study, artificial neural network (ANN) models are constructed for 
material characterization based on indentation load-displacement response for dual 
sharp indenters.  The artificial neural network approach circumvented the need to 
identify the form of the function prior to the establishment of the multi-dimensional 
fitting surfaces.  The numerical data from finite element analyses are used for training 
and verification of the ANN model.  The proposed artificial neural network model 
directly relates the characteristics of the indentation load-displacement curve to the 
elasto-plastic material properties without resorting to an iterative procedure. 
5.5.2  Model Definition 
It has been shown in Section 5.4 that the reverse analysis based on dual sharp indenters 
(C-600 and C-703 indenters) lead to unique solution of E*/Y and n and hence there 
exists only one point of intersection among the surfaces defined by Eqs.(5.5) to (5.7).  





Therefore, there exists a one-to-one mapping of (C60.0°)/(C70.3°), (WR/WT) 60.0° and 
(WR/WT) 70.3° to E*/Y and n. 
 
Two artificial neural networks, denoted as ANN-1 and ANN-2, are constructed for the 
reverse analysis of instrumented indentation results based on C-600 and C-703 conical 
indenters.  ANN-1 is constructed to map (C60.0°)/(C70.3°), (WR/WT) 60.0° and (WR/WT) 70.3° 
to E*/Y and n while the mapping of E*/Y and n to (C60.0°/Y) and (C70.3°/Y) is handled by 
ANN-2.  Once ANN-1 and ANN-2 are constructed, the reverse analysis process is 
straightforward.  From the indentation load-displacement curves of both indenters, the 
quantities C60.0°, C70.3°, (WR/WT)60.0° and (WR/WT)70.3° can be determined.  By providing 
the values of these quantities to ANN-1, the ratio of E*/Y and n can be established and 
these results are then substituted into ANN-2 to determine (C60.0°/Y) and (C70.3°/Y).  
Since C60.0° and C70.3° are known, Y can be calculated from either (C60.0°/Y) or (C70.3°/Y) 
and hence the results can be self verified.  Consequently, E* can be evaluated from the 
ratio of E*/Y established earlier.  The actual value of Young’s modulus, E, can then be 
obtained from Eq.(1.1).  The solution procedure is summarized in the flowchart shown 
in Figure 5.4. 
 
Back-propagation multilayer feedforward ANNs (ANN-1 and ANN-2) were created 
using the Neural Network Toolbox in Matlab 6.5 package.  Both ANN-1 and ANN-2 
comprises the input layer, a hidden layer and the output layer.  The number of neurons 
in the input and output layers of the ANNs are identical to the number of input and 
output parameters respectively.  However, the number of neurons in the hidden layer 
of the neural network is calibrated during the training and validation process.  The 





tangent sigmoid transfer function is used in the hidden layer while the linear transfer 
function is assigned to the output layer.   
 
The ANNs are trained by introducing a set of examples (pairs of inputs and the 
corresponding outputs) of proper network behaviour to the ANNs.  As the inputs are 
applied to the network, the network outputs are compared to the target outputs. During 
training, the learning rule is used to iteratively adjust the weights and biases of the 
network in order to move the network outputs closer to the target values by minimizing 
the network performance indicator.  The Levenberg-Marquardt training algorithm, 
which has a higher rate of convergence, is used for the training of both ANN-1 and 
ANN-2.   
 
The data for training and validation of ANN-1 and ANN-2 were obtained numerically 
through 510 finite element analyses encompassing a domain of E*/Y from 10 to 1000 
and n varying from 0.0 to 0.6 for each of the conical indenters.  Out of the 510 sets of 
input and output data, 400 sets were randomly assigned as training data while the 
remaining 110 sets were used for validation purpose.  The mean square error, MSE, of 
the network outputs and the target values is used as the network performance indicator.  
In ANN-1, the values of output 1 (E*/Y) vary from 10 to 1000 while those of output 2 
(n) from 0 to 0.6.  In order to achieve weightages of the same order of magnitude for 
the contributions from the 2 outputs to the performance indicators, a scaled-down 
parametric value ,E*/1000Y,  is adopted in ANN operations.  ANN-1 and ANN-2 are 
trained using the training data sets and tested against the validation data sets.   
 





The number of neurons in the hidden layer of the neural network has serious 
implications on the performance of the ANN.  If too few neurons are used in the 
hidden layer, the ANN does not possess sufficient degree of freedom to approximate 
the function relating the inputs and the outputs.  On the other hand, if too many 
neurons are used in the hidden layer, over-fitting can occur.  In such situation, the 
trained ANN is able to predict the training data almost exactly but perform poorly with 
new sets of data.  The determination of the number of neurons in the hidden layer is an 
iterative process.  During the training process, the number of neurons in the hidden 
layer is increased slowly while the evolution of the training MSE and the validation 
MSE are tracked.  Initially, both the training MSE and validation MSE decrease with 
increasing number of neurons in the hidden layer.  However, after a certain threshold 
value of the number of neurons in the hidden layer is reached, the validation MSE will 
increase while the training MSE will continue to decrease due to the over-fitting 
phenomena.  By identifying the turning point of the validation MSE, a good estimate 
of the optimal number of neurons in the hidden layer can be obtained.  The 
characteristics of ANN-1 and ANN-2 are summarised in Table 5.5. 
 
Table 5.5: Characteristics of ANN-1 and ANN-2 
 
Mean Square Error 
 Range of outputs 
Number of 
neurons in the 
hidden layer Training Validation 
ANN-1 0 – 1 30 1.398E-05 4.609E-05 
ANN-2 10-610 24 4.555E-02 5.215E-02 
 
5.5.3 Results and Discussion 
Finite element analyses were carried out to simulate indentation experiments on 
Al6061, Al7075, steel and iron.  The typical elasto-plastic material properties of these 





materials (Kalpakjian and Schmid, 2003; MatWeb, 2004; Dao et al., 2001; Bucaille et 
al., 2003) are used as inputs to the finite element model.  The finite element results are 
summarised in Table 5.6.  It should be noted that these sets of finite element results 
were not used in the training and validation process described in Section 5.5.2. 
 
Table 5.6:  Summary of finite element results for Al6061, Al7075, steel and iron 
 
Conical indenter with half-angle 
of 60.0 degree  
Conical indenter with half-angle 
of 70.3 degree  Material 
C60.0° (GPa) C70.3° (GPa) (WR/WT)60.0° (WR/WT)70.3° 
Al6061 10.740 27.200 0.952 0.921 
Al7075 20.362 46.555 0.903 0.853 
Steel 23.907 59.272 0.960 0.937 
Iron 24.598 55.513 0.949 0.925 
 
 
The solution procedure described in the previous section is then applied using the 
finite element results depicted in Table 5.6 as inputs. The material properties predicted 
by the artificial neural network model are shown in Table 5.7 together with the actual 
material properties.  It can be observed from Table 5.7 that the proposed artificial 
neural network model predicted the elasto-plastic material properties reasonably 
accurately.  The relatively large percentage difference between the actual value of n 
and the predicted value of n is exaggerated to certain extent by the small value of n. 
 
By training and validating ANN-1 and ANN-2 with the data sets from indenters of 
different geometries, the proposed artificial neural network model can be used to 
perform reverse analysis based on the results of other indenter geometries.  In the 
present study, the proposed ANN model is similarly applied to perform reverse 
analysis based on the results of B-123 and B-142 three-sided pyramidal indenters. 
Furthermore, the proposed artificial neural network model can be easily extended to 





perform a reverse analysis based on the results obtained from finite element 
simulations of multiple indenter geometries.  The accuracy of the model is expected to 
improve significantly as results from more indenters are considered in the operations.  
The proposed ANN model is further illustrated in Tho et al. (2004a). 
 
Table 5.7: Prediction from artificial neural network model 
 
 Al6061 Al7075 Steel Iron 
E* (GPa)     
Actual 72.4 73.4 194.3 170.8 
Predicted 72.7 73.1 195.6 170.0 
Deviation (%) 0.5 0.4 0.7 0.5 
     
E (GPa)     
Actual 69.0 70.1 210.0 180.0 
Predicted 69.3 69.8 211.8 179.0 
Deviation (%) 0.5 0.4 0.8 0.6 
     
Y (MPa)     
Actual 275.0 500.0 500.0 300.0 
Predicted 276.3 508.3 489.6 297.9 
Deviation (%) 0.5 1.6 2.1 0.7 
     
n     
Actual 0.050 0.122 0.100 0.250 
Predicted 0.049 0.117 0.106 0.253 
Deviation (%) 2.3 4.5 5.6 1.2 
 
5.6 Least Squares Support Vector Machine 
5.6.1 Overview 
Training methods for traditional neural network architectures suffer from the existence 
of local minima. Furthermore, the number of neurons required for a given task has to 
be tuned carefully to ensure neither over-fitting nor under-fitting. In support vector 
machines (Cristianini and Shawe-Taylor, 2000), a unique solution is obtained and the 
number of weights follows automatically from a convex program. However, kernel 
functions and parameters have to be selected carefully such that a bound is minimized.  





In the present study, the least squares support vector machines (LS-SVM) (Suykens 
and Vandewalle, 1999; Suykens et al., 2002) are proposed for material characterization 
based on load-displacement response of dual indenters of different geometries 
(Swaddiwudhipong et al., 2005f).  The method is an efficient and robust tool for multi-
dimensional function approximation.  The primary advantage of this approach is its 
insusceptibility to over-fitting which could occur in the case of an artificial neural 
network model.  The implementation of the LS-SVM model is similar to that of 
artificial neural network model detailed in Section 5.5. 
5.6.2  Model Definition 
Four least squares support vector machines LS-SVM, namely, SVM-1, SVM-2, SVM-
3 and SVM-4, are constructed for the interpretation of the instrumented indentation 
results based on C-600 and C-703 conical indenters.  SVM-1 and SVM-2 handle the 
mappings of (C60.0°)/(C70.3°), (WR/WT) 60.0° and (WR/WT) 70.3° to E*/Y and n respectively, 
while the relations of E*/Y and n to (C60.0°/Y) and (C70.3°/Y) are taken care of  by SVM-
3 and SVM-4 respectively. The quantities C60.0°, C70.3°, (WR/WT)60.0° and (WR/WT)70.3° 
are determined from the load-indentation curves of dual indenters.  The values of E*/Y 
and n can then be established via SVM-1 and SVM-2 through the above inputs.  These 
results are in turn fed into SVM-3 and SVM-4 to evaluate (C60.0°/Y) and (C70.3°/Y) 
respectively.  Subsequently, Y can be calculated from either (C60.0°/Y) or (C70.3°/Y) and 
E* can be evaluated from the ratio of E*/Y established earlier.  Equation (1.1) provides 
the actual value of Young’s modulus of target materials when the indenter tip deforms 
significantly. The solution algorithm described above is summarized in the flowchart 
shown in Figure 5.5 for easy reference. 
 





The four least squares support vector machines (LS-SVM) are created using LS-
SVMlab1.5 toolbox implemented in Matlab 6.5 package (Pelckmans et al., 2004).  In 
order to conduct a LS-SVM model effectively, γ and σ2 are the two parameters that 
have to be evaluated. γ is the regularization parameter determining the trade-off 
between the fitting error minimization and smoothness while σ2 is the bandwidth for 
the radial basis function (RBF) kernel.  The four proposed LS-SVMs are trained by 
introducing a set of samples, which are pairs of inputs and the corresponding outputs, 
of proper behaviour to the machines.  Appropriate values of γ and σ2 are evaluated 
using the tunelssvm function in LS-SVMlab1.5 toolbox and the values reported in 
Table 5.8.  The tunelssvm function incorporates the grid-search optimization algorithm 
to search a predefined domain for the optimal values of γ and σ2 resulting in a 
minimum for the associated cost function.   
 
Numerical results from 510 large strain, large deformation finite element analyses 
encompassing a domain of E*/Y from 10 to 1000 and n varying from 0.0 to 0.6 for each 
of the conical indenters are adopted for the training and validation of the four 
constructed LS-SVMs.  The training inputs are randomly selected from the 400 out of 
510 sets of data from finite element results while the remaining 110 sets were adopted 
for validation purpose.  For SVM-1, SVM-3 and SVM-4, the values of outputs vary 
widely from tens to several hundreds and it was observed that the training performance 
of these LS-SVMs can be improved when the operation is carried out in the log scale.  
The characteristics of the LS-SVMs are summarised in Table 5.8. 
 





Table 5.8:  Characteristics of LS-SVM 
 





SVM-1 10-1000 14028 0.7962 
SVM-2 0-0.6 303683 5.3781 
SVM-3 10-315 8260 0.1098 
SVM-4 19-603 4606 0.0578 
 
5.6.3 Results and Discussion 
Finite element analyses were carried out to simulate indentation experiments on 
Al6061, Al7075, steel and iron and the finite element results are summarised in Table 
5.6.  These sets of values were not included in the training and validation process of 
the least squares support vector machines described earlier in Section 5.6.2 but adopted 
as inputs to the solution procedure of the model for further verification in this section. 
The comparison of the values of material properties predicted by the proposed LS-
SVM model with the actual material properties as shown in Table 5.9 show good 
agreement.  Similar to the case of artificial neural network model, the proposed LS-
SVM model can be configured to perform a reverse analysis based on the results of 
other indenter geometries.  The proposed model can also be easily extended to perform 
a reverse analysis based on finite element results of multiple indenters of various 
geometries.  The accuracy and robustness of the model is expected to improve 
significantly when results from more indenters of different geometries are included in 
the operations.  Further information on the proposed LS-SVM model are presented in 










Table 5.9:  Prediction from proposed LS-SVM model 
 
 Al6061 Al7075 Steel Iron 
E* (GPa)     
Actual 72.4 73.4 194.3 170.8 
Predicted 72.7 73.0 197.0 173.4 
Deviation (%) 0.4 0.5 1.4 1.5 
     
Y (MPa)     
Actual 275.0 500.0 500.0 300.0 
Predicted 275.0 505.0 488.5 291.0 
Deviation (%) 0.0 1.0 2.3 3.0 
     
n     
Actual 0.050 0.122 0.100 0.250 
Predicted 0.051 0.120 0.106 0.255 












Figure 5.1: Flowchart illustrating reverse analysis algorithm based on dual indenters 
Determine C60.0°, C70.3°, (WR/WT) 60.0° and 
(WR/WT) 70.3° from the experimental load-
displacement curves 
Substitute (WR/WT) 60.0° into Eq.(5.5)  
Substitute (WR/WT) 70.3° into Eq.(5.6) 




 and n 
Obtain Y by substituting C60.0° or C70.3°, 
Y
E *
 and n into Eqs.(5.3) or (5.4) 




Evaluate E by substituting E* and ν into 
Eq.(1.1) 
Substitute C60.0° and C70.3° into Eq.(5.7) 






Figure 5.2: Numerical load-displacement curves for Al6061 
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CHAPTER 6: CONVENTIONAL MECHANISM-BASED 
STRAIN GRADIENT PLASTICITY 
MODEL 
6.1 Overview 
Conventional continuum mechanics is valid when the characteristic length associated 
with non-uniform plastic deformation is significantly larger than the material length 
scale.  However, several experiments have demonstrated that the materials display 
strong size effects when the two length scales are of the same order of magnitude.  
Fleck et al. (1994) reported that the reduction of wire diameters from 170 to 12 µm 
induced a substantial increase in torsional resistance but insignificantly in tensile 
strength of the copper wire.  Similar phenomenon was reported by Stolken and Evans 
(1998) in their micro-bend experiments of thin metallic wires and foils.  Nix (1989), 
Ma and Clarke (1995) and McElhaney et al. (1998) have also observed the strong size 
dependence in the indentation tests of single and polycrystalline metallic materials 
when the indentation depth was reduced to micron or nano-meter level. 
 
When the non-uniform plastic deformation wavelength and the material length scales 
are of the same order at the micron level, the states of stress are observed to be a 
function of both strain and strain gradient.  Gao et al. (1999) and Huang et al. (2000a) 
in their joint works proposed a multi-scale, hierarchical framework to provide a 
systematic approach for constructing the meso-scale constitutive laws taken into 
consideration the micro-scale plasticity based on Taylor work hardening relation.  The 
proposed theory of mechanism-based strain-gradient (MSG) plasticity involved the 





higher-order stress and thus additional governing as well as boundary conditions 
requiring significantly greater formulation and computational efforts.  Recently, Huang 
et al. (2004) developed a conventional theory of mechanism-based strain gradient 
(CMSG) plasticity obeying Taylor dislocation theory and yet preserving the classical 
continuum plasticity requirements.  The latter can be conveniently implemented in any 
conventional elasto-plastic analyses as high-order stress (strain) appears only in the 
constitutive relation and no further additional conditions have to be satisfied.  It was 
shown that results from the above two approaches agree well in most part of the whole 
domain except in a thin layer just next to the boundary (Huang et al., 2004). This is 
expected as no additional boundary conditions were introduced in the latter (CMSG 
plasticity theory). 
 
6.2 Review of Strain Gradient-Dependent Plasticity 
A brief description on constitutive relations in conventional continuum mechanics 
taken into account Taylor dislocation model through the effective strain rate is 
presented in this section. The contents described in this section are influenced greatly 
by the works of Fleck and Hutchinson (1993), Gao et al. (1999) and Huang et al. 
(2000a, 2004).   
 
6.2.1 Taylor Hardening Model 
 
The relationship between the shear flow stress, τ , and the total dislocation density, 











In Eq. (6.1), b  is the magnitude of the Burgers vector, µ  the shear modulus and α  an 
empirical constant the value of which ranges from 0.2 up to 1.1 (Huang et al., 2000a; 
Huang et al., 2000b; Swadener et al., 2002, Huang et al., 2004) depending on the 
materials involved. Nye (1953) and Ashby (1970) proposed that for small dislocation 
density, the total dislocation density, Tρ , comprising two dislocation components can 





where Sρ  is the density of statistically stored dislocations (SSD) while Gρ  the density 
of geometrically necessary dislocations (GND) ensuring the compatibility of the non-
uniform plastic deformation of various parts of the domain. 
 
The first component, Sρ , is trapped randomly and hence not a function of plastic 
strain gradient (Ashby, 1970). The expression can be derived through the following 





In Equation (6.3), M is the Taylor factor relating the tensile yield strength to the 
critical resolved shear strength for crystalline materials. Bishop and Hill (1951) 
showed that M =3.06 for face-centered-cubic materials while Nix and Gao (1998) 
adopted the value of 3=M  for isotropic solids based on the von Mises rule. 
 
In the absence of the strain gradient, the uni-axial stress-strain law is expressed as 
GST ρρρ +=
τσ Mf =
















Ashby (1970) modified the expression for the density of geometrically necessary 





where pη is the effective plastic strain gradient. The value of Nye factor, r , reflecting 
the appropriate contribution of geometrically necessary dislocation density, is 
dependent on the type of materials, its formation and orientation and the nature of 
external loadings. The values of 1.85 and 1.93 were proposed for face-centered-cubic 
polycrystals in bending and torsion respectively (Arsenlis and Parks, 1999). 
 
Fleck and Hutchinson (1993) introduced a material length scale, l, which will be 
quantified later in Eq. (6.12) and proposed an effective plastic strain gradient as 





Gao et al. (1999) adopted the three quadratic invariants of the plastic strain gradient 
tensor to represent pη . The three coefficients, 1c , 2c  and 3c  can be determined from a 
series of distinct dislocation models consisting of plane stain bending, pure torsion and 
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2-D axisymmetric void growth. The effective strain gradient is given by Gao et al. 
(1999) 
 
  (6.8) 
 




  (6.10) 
 
 
where pijε  is the plastic strain tensor and the symbol “,” in the chain of subscripts 
indicates the differentiation with respect to the variable subscript index which follows.  
 
In view of Eqs. (6.1), (6.5) and (6.6), the flow stress of Taylor dislocation model, 
















In Eqs. (6.11) to (6.13), l is the intrinsic material length in strain gradient plasticity 
combining the effects of the 3 essential components, namely, elasticity coefficient µ , 
the plasticity parameter Yσ  and the Burgers vector b . The values of the material 
length scale are in the order of microns.  Huang et al. (2004) noted that the flow stress 
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average of dislocation activities and hence is only applicable for a problem length scale 
significantly larger than the average dislocation spacing.  For a typical dislocation 
density of 1015 /m2, Eq (6.11) is valid for problem length scale above 100nm. This 
implies that the theory is applicable to most pure metals and metallic alloys where 
material length scale is in the micron range (Stolken and Evans, 1998; Huang et al., 
2000a). 
 
6.2.2 Effective Plastic Strain Rate pε  
The power law visco-plastic model (Hutchinson, 1976) in view of the visco-plastic 













where ε  is the effective strain rate, m is the rate-sensitivity exponent, ijε ′  is the 
deviatoric strain rate and ijδ  the Kronecker delta tensor.  Huang et al. (2004) 
demonstrated that Eq. (6.14) is valid for conventional power-law hardening provided 
that the value of the power, m, is large ( 20≥m ). The function ( )pf ε  for a power law 
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where n is the plastic work hardening exponent, the value of which vary from 0.0 to 
0.6 for metals.  Replacing the uni-axial flow stress, ( )pY f εσ , in Eq. (6.14) by the flow 








6.2.3 Constitutive Relation  













where ijσ ′  is the deviatoric stress rate and K the bulk modulus of elasticity. The plastic 
strain rate, pijε , is proportional to the deviatoric stress in accordance with the 
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where eσ  is the von Mises effective stress. The expression for the strain rate can be 















Substituting the expression for pε  from Eq. (6.18) into Eq. (6.26), the following 












Eq. (6.29) was first derived by Huang et al. (2004) who pointed out that the 
constitutive relation expressed in this equation reflect the strain gradient effect without 
involving the higher-order stress. Consequently, the governing equations, boundary 
conditions and algorithms usually employed in classical mechanics and are readily 
available can be conveniently applied to study problems where strain gradient effects 
are significant and cannot be ignored.   It is worth noting that certain aspects of strain 
















































































gradient behaviour require higher order theory such as the mechanism-based strain 
gradient (MSG) theory, especially at the boundaries. Huang et al. (2004) analysed the 
distribution of strain gradient in a bar subject to uniaxial tension and a uniform body 
force using both the CMSG theory and the higher order MSG theory.  Though 
significant discrepancies of results from the two approaches are observed, they are 
confined to thin boundary layers near both ends of the bar constituting less than 5% of 
the domain. The results from both approaches in the other part of the domain are 
practically identical. Shi et al. (2001) showed that the effect of higher-order stress is 
only significant for a boundary layer in the order of 10 nm.  Huang et al. (2004) also 
showed that similar conclusions can be drawn for torsion of thin wires and bending of 
thin beams from analytical results based on CMSG theory with conventional boundary 
conditions from classical plasticity and MSG work incorporating additional boundary 
conditions required of for higher order stress theory. For general applications, the 
CMSG theory which is computationally much less demanding as compared to higher 
order stress theories is probably a suitable alternative without causing significant lost 
of accuracy except in the narrow strips in the vicinity close to the boundaries.   
 
While the CMSG plasticity theory preserves the structure of classical continuum 
plasticity such that conventional C0 finite elements can be used, the effective strain 
gradient required in the implementation of CMSG plasticity theory is not normally 
computed by commercial finite element packages.  Therefore, it is necessary to derive 
the effective strain gradient based on element formulation. 





6.3 C0 CMSG Solid Elements 
6.3.1 Derivation 
It is well known that the formulation of and the performance of C0 finite elements are 
significantly more convenient and efficient for implementation as compared to C1 
finite elements.  The 20-node C0 quadratic isoparametric solid element has been widely 
used in the analyses of 3-D solids and structures due mainly to its numerical efficiency 
for this class of problems.  The element is, however, suffered from the drawback of 
producing the tensile equivalent consistent nodal forces at the corner nodes when the 
element is subject to distributed surface pressure on contact surface.  To alleviate this 
undesirable phenomenon, a family of 21-to-27 C0 solid elements as shown in Figure 
6.1 is introduced to model the transitional contact domain.  In this section, a family of 
C0 solid elements of 20-27 nodes per element is developed for materials with strong 
strain gradient effects.  The expressions for strain gradients have been explicitly 
evaluated from the appropriate displacement shape functions and the effects on the 
response and material behavior at micron level incorporated during the formulation of 
stiffness equations through material constitutive equations based on the conventional 
theory of mechanism-based strain gradient (CMSG) plasticity proposed by Huang et 
al. (2004).  As no additional governing equations and boundary conditions are 
required, the elements can be conveniently implemented, in any conventional finite 
element programs. 
 























































In each element, N is the number of nodes; xi, yi, zi and ui, vi, wi are the nodal 
coordinates and the nodal displacement components in the x, y and z directions 
respectively while g, h and r are the corresponding natural coordinates. The shape 
functions, Ni (i=1,2,3,…,N) can be established through the serendipity concept and for 
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In Eqs. (6.33) to (6.40), ggg k=0 , hhh k=0 , rrr k=0 where gk, hk and rk are the natural 
coordinates at node k. 
 
The Jacobian matrix and its inverse which are essential for the coordinate 
transformation are obtained from  
 
















































































δ  (i=1, 2, 3, …, n) 
 


















































































































The derivatives of strain vector with respect to y and z  can be similarly derived. 
 
 
































































































































































































































































































The strain and the strain gradient matrices have been derived based on the above 
concept and the expressions implemented in the user subroutine of the finite element 
package ABAQUS (2002). 
6.4 C0 CMSG Axisymmetric Elements 
6.4.1 Derivation 
6.4.1.1 Orthogonal Curvilinear Coordinate System 
Though the effective strain gradient tensor, η , derived in this section is based on the 
total strain and deformation, the relations are applicable for expressions for effective 
plastic strain gradient, pη , required of in Eq. (6.6) as the elastic component is usually 
small and can be ignored (Fleck and Hutchinson, 1997). The strain gradient tensor of 
third-order, η , is defined as 
 
                                                                                          (6.55) 
 
The displacement vector,u , is expressed as 
 











































where ie~  is the unit vector in i direction. The gradient,∇ , in orthogonal curvilinear 
coordinate system is defined as: 
 
                       
(6.57) 
 
where iα  is the orthogonal curvilinear coordinate in i direction and ih  the 
corresponding Lamé coefficient. 
 










where i , j  ,k  are unequal mutually. The strain gradient tensor in orthogonal 
curvilinear coordinate system can thus be expressed as:  
 




































































































































































































6.4.1.2 Cylindrical Coordinates and Axisymmetric Element 
The corresponding coordinates, unit vectors, their first and second derivatives and 
Lamé coefficients in cylindrical coordinate system can be expressed respectively as 
 
r=1α , θα =2 , z=3α                                                                                    (6.60) 
 
ree =1~ , θee =2~  , zee =3~                                                                                           (6.61) 
 
























                                                                (6.64) 
 
1=rh , rh =θ , 1=zh                                                                                                 (6.65) 
 
The following relations are valid for axisymmetric case: 
 




zr uu                                                                                        (6.66) 
 
Considering Eqs. (6.60) to (6.66), if axisymmetric conditions are imposed in Eq. (6.59) 
the eight components of the strain gradient are further simplified to: 
  
                                                                                      (6.67) 
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The strain gradient tensor for axisymmetric element,η , can thus be expressed as: 
 







The relations of strain gradient components are thus: 
 
rrr,rrr uη =                          rrz,rrz uη =                                                                         (6.76) 
 
zzr,zzr uη =                          zzz,zzz uη =                                                                       (6.77) 
 
rzr,zrrrzr uηη ==                 rzz,zrzrzz uηη ==                                                              (6.78) 
 
zrzz ur ,












rrr −=== θθθθθθ                                                                                   (6.80) 
 
The deviatoric strain gradient tensor is defined as: 
 
                       
(6.81) 
 
Hence the components of deviatoric strain gradient can be shown to be: 
 
 





















































































1ηη −==′ rr θθθθ      rz,ur
1ηη ==′ zz θθθθ                                                           (6.87) 
 
 
                           (6.88) 
 




C0 axisymmetric element incorporating conventional mechanism-based strain gradient 
plasticity is formulated, implemented and adopted in the study of simulated indentation 
tests. An eight-node isoparametric element is adopted as an example demonstrating the 
formulation of governing finite element equations. Its counterpart ignoring the strain 
gradient effects has been widely used and available in most commercial finite element 
programs. 
 
Let r , z and u , w  be the coordinates and displacement components in the radial 
direction and along the axisymmetric axis, respectively. They can be expressed 















ii zhgNz                                                                  (6.90) 
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ii whgNw                                                               (6.91) 
where g and h are the corresponding natural coordinates. The shape functions, 
iN ( =i 1 to 8) are well known and can be obtained in any finite element texts. 
Coordinate transformation can be performed through Jacobian matrix and its inverse 































,                                                                                (6.93) 
The strain vector { }ε can be expressed as  
                                             (6.94) 
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uδ ,  =i 1 to 8                                                  (6.97) 
Coordinate transformation can be carried out through Eq. (6.98). 
[ ] [ ] 1,,,, −= JNNNN higiziri                                                                            (6.98) 
The strain gradients can be obtained through the derivation of the strain vector shown 
in Eqs. (6.94) to (6.97). 
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The derivatives of strain vector with respect to z  can be similarly derived. According 


















































































































































































  (6.106) 




The strain and the strain gradient matrices have been derived based on the above 
concept and the expressions implemented in the user subroutine of the finite element 
package ABAQUS (2002). 
 
6.5 C0 CMSG Plane Strain/Stress Elements 
The C0 CMSG plane strain/stress elements is derived in the same manner as that 
discussed in Section 6.3 for C0 CMSG solid elements.  The detail of the derivation for 
C0 CMSG plane strain/stress elements can be found in Appendix A. 
6.6 Numerical Examples on C0 CMSG Finite Elements 
In this section, several numerical examples on CMSG plasticity theory are presented.  
The C0 CMSG solid, axisymmetric, plane strain/stress elements incorporating the 
strain gradient effects derived in Sections 6.3-6.5 and also presented in 
Swaddiwudhipong et al. (2005a, 2005b, 2005c) are employed in these examples. 
6.6.1 Bar under Body Force and Traction at Free End 
Huang et al. (2004) noted that the simplest, one-dimensional example exhibiting the 
strain gradient effect is a bar subject to a constant body force and a uniform stress at 





































Huang et al. (2004) to demonstrate the validity of the mechanism-based strain gradient 
(MSG) plasticity to problems involving size effects.  The proposed C0 solid and plane 
stress finite element is deployed to study this problem.  The material and loading data 
used in the current analysis are tabulated in Table 6.1.  These values are identical to 
those considered by Huang et al. (2004). 
Table 6.1: Material and loading data 
 
Material Parameters Loading Parameters 
Young’s Modulus 100 GPa 
Yield Stress 200 MPa 
Uniform Tensile 
Stress 200 MPa  
Strain Hardening Exponent  0.2 
Rate Sensitivity Exponent, 
m 
20 Constant Body Force 200 MPa per unit length 
 
 
The ratio of l/L of 0, 1 and 10 are considered in the current analyses.  The variables l 
and L denote the intrinsic material length and the bar length respectively.  In this 
example, the intrinsic material length is considered to be in the order of microns and 
the bar length is in the hundreds of nanometer to micron range.  As pointed out by 
Huang et al. (2004), the zero value of the ratio l/L corresponds to the classical 
plasticity which does not consider the size effect.  The other values of l/L of 1 and 10 
are equivalent to the bar length in micron and submicron respectively.  Finite element 
analyses are carried out using ABAQUS, a commercial finite element package.  The 
plastic strain distribution along the bar is shown in Figure 6.3 together with the 
analytical results of Huang et al. (2004).  The present finite element results agree well 
with the analytical solutions presented earlier by Huang et al. (2004).  The values of 
plastic strains from all three cases vanish as expected at x/L=0.  The size effect is 
strongly exhibited through the substantial deviation of the curve corresponding to 
1/L=10 as compared to those of l/L=1 and 0. 
 






Both conventional elements and those incorporating conventional mechanism-based 
strain gradient effects presented in Section 6.3 and 6.4 are employed to simulate the 
load-displacement relationship of Berkovich indentation on electro-polished nickel 
conducted by Pethica et al. (1983). The material properties as similar to that adopted 
earlier by Bhattacharya and Nix (1988) to simulate this test are employed in the study. 
They are as follows: the Young’s modulus of elasticity, E=207GPa, the yield strength, 
Y=350MPa, the power law exponent, n=0.03 and the Poisson’s ratio, v=0.33. The 
intrinsic material length scale for Nickel of 5 micron stipulated by Wang et al. (2003) 
is adopted in the analyses.  
 
The convergence study of axisymmetric element meshes with and without the effects 
of strain gradient for the equivalent conical indentation with a half-angle of 70.3° has 
been carried out.  The indenter is idealized as a rigid body in the finite element model 
while the target material (nickel) is modeled as a deformable body.  Three different 
meshes employing 5736, 10107 and 15816 axisymmetric elements for the target 
domain have been employed in the study.  A typical finite element mesh for the latter 
is shown in Figure 6.4.  In each mesh, a uniform fine mesh is adopted in the region of 
2x2 µm2 in the vicinity of the contact domain where high stress concentration is 
expected.  The size of each element in this region for the finest mesh is 20x20 nm2 
with an aspect ratio of one.  The element size is gradually increased further away from 
this region.  The average aspect ratio of the elements is kept closed to one throughout 
the whole domain.  Frictionless contact is assumed in the present finite element 
simulation, as its effect is negligible for indenters with half-angle larger than 60° 
(Bucaille et al., 2003).  The convergence of the results obtained from the three meshes 





can be observed through the graph depicted in Figure 6.5.  Though the results from the 
coarser mesh are observed to converge satisfactorily, the finest mesh has been adopted 
in other analyses reported in this section. 
 
A series of C0 solid elements incorporating plastic strain gradient effects are presented 
in Section 6.3 above.  These solid elements are employed to simulate both Berkovich 
and equivalent conical indentation tests.  The solutions obtained and those based on 
axisymmetric finite element with and without the strain gradient effects are depicted 
and compared with the experimental data reported by Pethica et al. (1983) in Figure 
6.6. 
 
The comparison of these results demonstrates clearly the hardening effects of materials 
subject to indentation at micron and submicron levels.  Numerical results obtained 
from the proposed finite element model incorporating CMSG plasticity theory agree 
reasonably well with indentation test results.  In contrast, conventional finite element 
solutions deviate significantly from the test results conducted at submicron level.  The 
numerical results obtained from the proposed axisymmetric finite element and those 
from solid elements are by and large identical.  
 
It is interesting to note that the load-displacement curve of the Berkovich indenter lies 
below that of the conical indenter when conventional plasticity theory is adopted 
whereas the reversed trend is observed if the CMSG plasticity theory is included in the 
element formulation.  This is despite the fact that the contact area to indentation depth 
relationship for both Berkovich and conical indenters is identical.  The apparent 
contradiction of this observation is most likely due to the following phenomenon.  In 





the conventional plasticity model, high level of stress concentration is induced in the 
region in the vicinity of apex and the edges of the Berkovich indenter initiating early 
localized yielding which reduces substantially the resistance to penetration of the 
indenter.  For conical indenter, the localized yielding occurs early only at the tip of the 
indenter and further yielding, if any, on its cyclical smooth surface much later.  For 
elements incorporating CMSG plasticity theory, the magnitude of plastic strain 
gradient in the region in the vicinity of the edges of the Berkovich indenter is large 
resulting in local stiffening effect whereas the gradient is substantially lower under the 
smooth surface of a conical indenter.  It is observed that for nickel, the local material 
stiffening due to the strain gradient effect along the edges of the Berkovich indenter is 
larger than the weakening due to localized yielding due to stress concentration at the 
edges.  Hence the force required by a Berkovich indenter is larger than that of a conical 
indenter to penetrate at the same depth of the target material.  The phenomenon was 
also observed during the indentation tests conducted and reported earlier by 
Chollacoop et al. (2003). 
 
The variation of hardness with indentation depth is depicted in Figure 6.6.  The 
hardness values are calculated by dividing the indentation load with the actual contact 
area, taking into account the effect of sink-in.  The calculated hardness value increases 
significantly with decreasing indentation depth, consistent with experimental 
observations.  The effects of pile-up and sink-in are also studied by considering the 
deformed shape of the materials around the indenter during the indentation process as 
shown in Figure 6.8.  When the conventional plasticity model is adopted, pile-up effect 
occurred during indentation and this agrees well with the numerical results of Xu and 
Rowcliffe (2002) which was based on classical plasticity model.  In contrast, when 





CMSG plasticity model is adopted, sink-in effect is observed during indentation.  This 
phenomenon can be attributed to the local material stiffening due to the strain gradient 
effect in the contact region and is consistent with that observed by Chen et al. (2003) 
for the case of MSG plasticity theory. 
 
In Chapter 7, the proposed C0 solid elements are further employed to simulate the 
load-displacement response of copper and Al7075 indented to various depths in a 
series of nanoindentation experiments. 
 
6.6.3  Stress Distribution Near Crack Tip 
It is the commonly known that the classical plasticity theory is unable to predict the 
behavior of the materials accurately in the vicinity of the crack tip.  The higher-order 
MSG plasticity theories have been successfully employed to bridge the gap between 
microscopic fracture to macroscale plasticity.  In this example, the proposed C0 plane 
strain finite elements are adopted to establish the stress distribution in the vicinity of 
the clsssical plane strain mode-I crack tip studied earlier by Jiang et al. (2001) and Qiu 
et al. (2003) using mechanism-based strain gradient (MSG) deformation and flow 
theories respectively.  
 
Owing to the symmetry about the horizontal axis, the finite element domain is 
confined to a semi-circle of radius 1000l, where l is the material length scale. Figure 
6.9 depicts the adopted finite element model for the study of the stress distribution 
ahead of the crack tip. The same material properties considered by Jiang et al. (2001) 
and Qiu et al. (2003) are employed in the present study. They are as follows: 
σY/E=0.002, υ=0.3, n=0.2 and l=3µm.  The cracked face remain traction-free and the 





classical mode-I elastic K field of stress intensity factor of KI/σYl1/2=20 is imposed at 
the remote boundary of the domain at the radius of 3000µm. To facilitate the direct 
comparison of the results, the values of von Mises stress ahead of the crack tip at the 
polar angle of θ =1.014° are considered. 
 
Two different finite element meshes comprising 1606 and 3213 CPE8 plane strain 
elements each are considered in the numerical simulations.  In both cases, the 
dimension of each element near the crack tip is less than 2 nm.  The numerical results 
as depicted in Figure 6.10 for the two different meshes are practically identical, 
indicating that the convergence of the finite element solutions is achieved for both 
classical plasticity and CMSG plasticity analyses.  The solutions by Jiang et al. (2001) 
and Qiu et al. (2003) using MSG deformation and flow theories are also included in 
Figure 6.11 for ease of comparison.  Despite the fact that only C0 elements are adopted 
in the present study, the results incorporating the CMSG plasticity theory are 
practically identical to the solutions from the higher order MSG flow and deformation 
theories incorporating boundary conditions involving the more complex higher order 
stresses.  The contour of the effective plastic strain in the vicinity of the crack tip 
obtained from the finite element analysis with the finer mesh is displayed in Figure 
6.11. 




































× Node 21 is at the centroid of the element 
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Figure 6.5: Results of mesh convergence studies 
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(b) Deformed shape of the mesh based on CMSG plasticity model  
 





Figure 6.9: Finite element model for plane stain mode-1 crack.
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CHAPTER 7: NANOINDENTATION EXPERIMENTS 
7.1 Overview 
Indentation size effect has been observed by many researchers who performed 
nanoindentation experiments on metals and metallic alloys (Fleck et al., 1994; Stolken 
and Evans, 1998; Nix, 1989; Ma and Clarke, 1995; McElhaney et al., 1998).  In these 
experiments, the strength of the materials is observed to increase significantly with 
decreasing indentation depth.  In the present study, nanoindentation experiments are 
carefully designed and implemented to study the indentation size effect on copper and 
Al7075.  For each material, a series of nanoindentation experiments are carried out to 
maximum indentation loads of 300mN, 200mN, 100mN, 50mN and 10mN.  The 
CMSG plasticity theory and the proposed C0 solid elements detailed in Chapter 6 are 
applied to simulate the indentation size effect. 
 
7.2 Sample Preparation 
The samples as illustrated in Figure 7.1 are cast in epoxy resin in the form of cylinders 
with diameter of 3 cm and depth of 1cm for ease of handling.  In order to prevent 
distortion of test results due to surface roughness and formation of metal oxide at the 
surface, the samples are first subjected to wet mechanical grinding using #500, #2400 
and #4000 silicon carbide papers supplied by Struers.  The samples are then 
mechanically polished using 6µm, 3µm and 1µm diamond suspensions followed by 
0.1µm silica solution. 
 





7.3 Nanoindentation Experiments 
Standard Berkovich indenter tips (designated B-142 in this study) are used in all the 
experiments.  The nanoindentation experiments are performed using two machines 
supplied by Hysitron (Hysitron Triboscope) and MTS (Nano-XP Nanoindenter) 
respectively.  The Hysitron Triboscope can apply indentation loads up to a maximum 
of 13.0 mN.  In addition, the Hysitron Triboscope enables the scanning of the surfaces.  
Figure 7.2 shows a typical indentation imprint after the indentation process.  The MTS 
Nano-XP system is capable of applying maximum indentation loads of 500mN.   
 
The test specimens are subjected to maximum loads of 10mN, 50mN, 100mN, 200mN 
and 300mN.  The 10mN tests are carried out using the Hysitron Triboscope.  The 
surfaces of the specimens are scanned before and after each test.  The 50mN to 300mN 
tests are carried out using MTS Nano-XP system.  Ten repetitions are carried out for 
each maximum indentation load specified above.  When the Hysitron Triboscope is 
used, the indenter is manually moved to a new location after each test.  For the MTS 
Nano-XP system, the process is fully automated and the indenter is automatically 
moved to a new location after each indentation.  While this automated feature results in 
significant time savings, the MTS Nano-XP system failed to automatically detect the 
surfaces on several instances.  However, for each maximum indentation load, there are 
at least three sets of consistent results.    
 
7.4 Numerical Analysis of Nanoindentation Results 
The elasto-plastic material properties for Al7075 are E=70.1 GPa, Y=500 MPa, 
n=0.122 (Dao et al., 2001) and those for copper are E=109.2 GPa, Y=78.4 MPa, n=0.3 





(Qiu et al., 2003, Chen et al., 2004).  The values of the Burgers vector for these 
materials are approximately 0.25 nm (Huang et al., 2000b; Qiu et al., 2003).  In order 
to determine the intrinsic material length scale defined by Eq. (6.13), the values of α 
for both materials are required but are not readily available in the literature.  By 
adopting an iterative approach, the values of α for Al7075 and copper are identified to 
be 0.6 and 0.4 respectively based on the experimental results for the 300mN load case.  
The comparison between the finite element results incorporating the CMSG plasticity 
theory and the experimental results for the 300mN load case are illustrated in Figures 
7.3 and 7.4 respectively for Al7075 and copper.   
 
In the presence of indentation size effect, the strength of the material increases with 
decreasing indentation depth.  The curvature of the loading curve, which is a 
representation of the mean contact pressure, also increases with decreasing indentation 
depth.  It is therefore of interest to study whether the CMSG plasticity theory can 
simulate the experimental load-displacement curves accurately at various level of 
depth ranging from hundreds of nanometers to several microns.  It should be 
emphasised at this point that the values of α are determined solely from the 
experimental results of the 300 mN load case.  The results from the other load cases of 
10 mN, 50mN, 100mN and 200 mN are not included in the determination of the values 
of α for Al7075 and copper.  The comparison between the finite element results 
incorporating the CMSG plasticity theory and the experimental results for these load 
cases for Al7075 and copper are illustrated in Figures 7.5 and 7.6 respectively.  It can 
be observed from Figures 7.5 and 7.6 that the finite element results incorporating the 
CMSG plasticity theory are in good agreement with experimental results at all levels 
of depth.  In comparison, finite element results adopting the classical plasticity theory 





deviate substantially from the experimental results and the magnitude of the deviation 
increases with decreasing indentation depth.  This further demonstrates the prominence 
of indentation size effect at small indentation depths.   
 
Figures 7.7 and 7.8 further illustrate the significance of indentation size effect at 
maximum indentation depths of 5, 10, 15 and 20 microns for Al7075 and copper 
respectively.  It can be observed from both sets of figures that the significance of the 
indentation size effect decreases with increasing indentation depths for both materials.  
For the case of copper, the indentation size effect is still noticeable, albeit at smaller 
magnitude, at indentation depth of 20 micron.  In comparison, for the case of Al7075, 
the indentation size effect diminishes when the maximum indentation depth is about 10 
micron.  At maximum indentation depth of 20 micron, the numerical results of CMSG 
plasticity theory and classical plasticity theory are practically the same for Al7075.  
The indentation depth at which the indentation size effect diminishes is governed by 
the relative proportions of the statistically stored dislocations (SSD) and the 
geometrically necessary dislocations (GND).  As illustrated in Section 6.2.1, the flow 
stress is directly related to the total dislocation density.  The total dislocation density 
consists of contribution from the density of SSD which is independent of the intrinsic 
material length scale and the density of GND which is dependent on the intrinsic 
material length scale.  At large indentation depths when the indentation size effect 
diminishes, the contribution of the GND to the flow stress is overwhelmed by the 
contribution of the SSD and thus becomes negligible. 
 
 


































(b) 3-D view 
 
Figure 7.2:  Images of typical indentation imprint






Figure 7.3: Comparison between numerical and experimental results for Al7075 with 
maximum load of 300mN 
 
 
Figure 7.4: Comparison between numerical and experimental results for copper with 
maximum load of 300mN 







(a) 200 mN load case 
 
 
(b) 100 mN load case 











(d) 10 mN load case 
 
 
Figure 7.5: Comparison between numerical and experimental results for Al7075. (a) 
200 mN load case, (b) 100 mN load case, (c) 50 mN load case, (d) 10 mN load case. 











(b) 100 mN load case 






(c) 50mN load case 
 
 




Figure 7.6: Comparison between numerical and experimental results for copper. (a) 
200 mN load case, (b) 100 mN load case, (c) 50 mN load case, (d) 10 mN load case. 
 






(a) Maximum depth of 5 micron 
 













(c) Maximum depth of 15 micron 
 
 
(d) Maximum depth of 20 micron 
Figure 7.7: Comparison between the numerical load-displacement curves of classical 
plasticity theory and CMSG plasticity theory for Al7075. (a) Maximum indentation 
depth of 5 micron, (b) Maximum indentation depth of 10 micron, (c) Maximum 
indentation depth of 15 micron, (d) Maximum indentation depth of 20 micron 




















(c) Maximum depth of 15 micron 
 
 
(d) Maximum depth of 20 micron 
 
Figure 7.8: Comparison between the numerical load-displacement curves of classical 
plasticity theory and CMSG plasticity theory for copper. (a) Maximum indentation 
depth of 5 micron, (b) Maximum indentation depth of 10 micron, (c) Maximum 
indentation depth of 15 micron, (d) Maximum indentation depth of 20 micron 
 





CHAPTER 8: CONCLUSION  
8.1 Concluding Remarks 
The three main characteristics of the indentation load-displacement curve are the 
curvature of the loading curve (C), the gradient at initial unloading from maximum 
load (
maxh
(dP/dh)S = ) and the ratio of indentation work done to total work done 
(WR/WT).  A linear relationship between hr/hmax and WR/WT is observed for all the four 
indenters considered in this study.  The ratio E*/Y and n are found to be the two key 
parameters that govern the characteristics of load-displacement curves for elasto-
plastic materials obeying power law strain-hardening.  The relationship between the 
elasto-plastic material properties (E*, Y and n) and the resulting load-displacement 
curve of a single indenter is found to be non-unique and not one-to-one.   
 
A relationship between the curvature of the loading curve, the gradient at initial 
unloading and the ratio of residual depth to maximum indentation depth (hr/hmax) has 
been derived.  This relationship is valid for elasto-plastic material with the ratio of 
E*/Y ranging from 60 to 1000 and n from 0.0 to 0.6.  The validity of this relationship is 
numerically verified through large-strain, large-deformation finite element analyses.  
The existence of an intrinsic relationship between C, S and hr/hmax implies that only 
two independent quantities can be obtained from the load-displacement curve of a 
single conical indenter.  Therefore, regardless of the reverse analysis algorithm 
employed, it is practically impossible to uniquely recover E*, Y and n from the load-
displacement curve of a single indenter.  However, if the value of Young’s modulus is 
known a priori, the proposed reverse analysis algorithm based on a single indenter can 





be used to establish a unique solution of material properties from the load-
displacement curve of a single indenter. 
 
In order to ensure uniqueness of the extracted elasto-plastic material properties, the 
information derived from at least two different geometries of indenters should be used.  
The proposed reverse analysis algorithm based on dual indenters enabled the elasto-
plastic material properties (E*, Y and n) to be uniquely evaluated.  The proposed 
method further facilitates the determination of Young’s modulus without the need to 
evaluate the slope at the initial part of the unloading curve.  The proposed reverse 
analysis algorithm can be easily extended for multiple indenters and improved 
accuracy can be expected when load-displacement curves from more than two 
indenters are considered. 
 
Artificial neural network (ANN) and least squares support vector machines (LS-SVM) 
are robust and efficient tools to perform multi-dimensional surface fitting.  They 
enable the direct mapping of the characteristics of the indentation load-displacement 
curve to the elasto-plastic material properties.  Direct mapping via ANN and LS-SVM 
alleviate the need to adopt an iterative procedure in the material characterization 
reverse analysis.  The proposed ANN and LS-SVM models can predict rather 
accurately the elasto-plastic properties of the materials based on the simulated load-
displacement curves of dual indenters with different geometries.  The proposed ANN 
and LS-SVM models can also be extended for reverse analysis based on results 
obtained from other sets of dual or multiple indenters of different geometries including 
those of Berkovich and Vickers. 
 





A series of C0 solid, axisymmetric and plane strain/stress elements for materials with 
strain gradient effects has been established.  The formulation is based on conventional 
mechanism-based strain gradient plasticity incorporating Taylor dislocation model 
through intrinsic material length scale.  As only the constitutive condition is affected, 
higher order stress and hence higher order continuity requirements and/or additional 
nodal parameters with mixed formulation are no longer necessary.  The model has 
been implemented in ABAQUS, a finite element package.  These elements have been 
adopted to study the plastic strain distribution in a bar subject to uni-axial tension and 
body force, the load-displacement relationship of Berkovich indentation on electro-
polished nickel and the state of stress in the vicinity of the crack tip.  Comparison with 
other analytical solutions and test results, besides showing good agreement also 
reflects the necessity of incorporating the effects of strain gradient plasticity in the 
formulation when the material and characteristic length scales of non-uniform plastic 
deformation are of the same order at micron level. 
 
A series of nanoindentation experiments with maximum indentation depths varying 
from 400 nm to 3400 nm are carried out on Al7075 and copper.  In the presence of 
indentation size effect, the strength of the material increases with decreasing 
indentation depth.  The curvature of the loading curve, which is a representation of the 
mean contact pressure, also increases with decreasing indentation depth.  The proposed 
C0 solid elements incorporating the CMSG plasticity theory is able to simulate this 
phenomenon rather accurately. 
 





8.2 Further Research 
The proposed reverse analysis algorithm, ANN and LS-SVM models can be further 
developed to include the results from multiple indenters.  The accuracy of the 
predicted elasto-plastic material properties is expected to increase as the characteristics 
of the load-displacement curves from more indenters are included in the analysis.   
 
The methods proposed in the present research focus on material characterization of 
bulk materials.  Further research efforts should be directed at studying the feasibility of 
extending the proposed methods to cover material characterization of thin films on 
substrate.   
 
In the present study, the identification of the internal material length scale parameter, α 
involves a rather tedious iterative process.  Further research could be carried out to 
explore the feasibility of building ANN or LS-SVM models that will automatically 
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APPENDIX A: Derivation of C0 CMSG Plane Strain/Stress 
Elements 
For a plane-strain or plane-stress isoparametric element with n nodes, the coordinates, 































,                                                                          (A.2) 
where g and h are the corresponding natural coordinates.  
 
Coordinate transformation can be performed through Jacobian matrix and its inverse 
expressed as  
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                                                                     (A.4) 
 
The strain vector { }ε can be expressed as  
                             
(A.5) 
 



























































































uδ ,  =i 1 to n                                                           (A.8) 
 
In Eq. (A.5),  xε , yε  and xyγ  are the three plane strain components. The out-of-plane 
strain component, zε , vanishes for plane-strain element. However, for plane-stress 
element, 
                                                                                  (A.9) 
 
where v is the Poisson ratio.  
 
Coordinate transformation can be carried out through Eq. (A.10). 
                                                                (A.10) 
 
 The strain gradient is obtained through the derivatives of the strain vector and can be 
shown to be 
                                     (A.11) 
 
                       
(A.12) 
 
The derivatives of strain vector with respect to y can be similarly derived.  
 
{ } [ ]nδδδδ "21=
( )yxz vv εεε +−= 1
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According to the chain rule of derivative, 
















  (A.18) 




The derived expressions for the strain and the strain gradient matrices can be 
conveniently implemented via the User subroutine provided for in ABAQUS (2002), 
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